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THE MODULI SPACE OF N = 2 SUPER-RIEMANN SPHERES
WITH TUBES
KATRINA BARRON
Abstract. Within the framework of complex supergeometry and motivated
by two-dimensional genus-zero holomorphic N = 2 superconformal field the-
ory, we define the moduli space of N = 2 super-Riemann spheres with ori-
ented and ordered half-infinite tubes (or equivalently, oriented and ordered
punctures, and local superconformal coordinates vanishing at the punctures),
modulo N = 2 superconformal equivalence. We develop a formal theory of in-
finitesimal N = 2 superconformal transformations based on a representation of
the N = 2 Neveu-Schwarz algebra in terms of superderivations. In particular,
via these infinitesimals we present the Lie supergroup of N = 2 superprojective
transformations of the N = 2 super-Riemann sphere. We give a reformulation
of the moduli space in terms of these infinitesimals. We introduce generalized
N = 2 super-Riemann spheres with tubes and discuss some group structures
associated to certain moduli spaces of both generalized and non-generalized
N = 2 super-Riemann spheres. We define an action of the symmetric groups
on the moduli space. Lastly we discuss the nonhomogeneous (versus homoge-
neous) coordinate system associated to N = 2 superconformal structures and
the corresponding results in this coordinate system.
1. Introduction
In this work, we give a detailed study of the differential supergeometry underlying
two-dimensional genus-zero holomorphic N = 2 superconformal field theory.
Conformal field theory (or more specifically, string theory) and related theo-
ries, including superconformal field theories, (cf. [BPZ], [F], [FS], [Vaf], and [Se])
are the most promising attempts at developing a physical theory that combines
all fundamental interactions of particles, including gravity. The geometry of (su-
per)conformal field theory extends the use of Feynman diagrams, describing the
interactions of point particles whose propagation in time sweeps out a line in
space-time, to one-dimensional particles called “strings” (or higher-dimensional
“superstrings”) whose propagation in time sweeps out a two-dimensional surface
(or higher-dimensional supersurface) called the “worldsheet”. For two-dimensional
genus-zero holomorphic (super)conformal field theory, algebraically, these interac-
tions can be described by products of vertex operators or more precisely, by vertex
operator (super)algebras (cf. [Bo], [FLM], [KW], [B3], [B5]).
In [H1] and [H2], motivated by the geometric notions arising in conformal field
theory, Huang gives a precise geometric interpretation of the notion of vertex oper-
ator algebra by considering the geometric structure consisting of the moduli space
of genus-zero Riemann surfaces with oriented and ordered half-infinite tubes (which
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are conformally equivalent to Riemann spheres with oriented and ordered punctures
and local coordinates vanishing at the punctures), modulo conformal equivalence,
together with the operation of sewing two such surfaces. This work was then ex-
tended by the author in [B1]–[B5] to the notion of N = 1 supergeometric vertex
operator superalgebra motivated by the physical model of N = 1 superconformal
field theory and the notion of a superstring whose propagation in time sweeps out a
supersurface [F], [D], [Ro], [CR], thereby giving a precise geometric interpretation
of the notion of N = 1 Neveu-Schwarz vertex operator superalgebra.
This rigorous foundation for the correspondence between the algebraic and geo-
metric aspects of two-dimensional genus-zero holomorphic (N = 1 super)conformal
field theory has proved useful in furthering both the algebraic and geometric aspects
of (super)conformal field theory. On the one hand, it is much easier to rigorously
construct many aspects of (super)conformal field theories and study many of their
properties using the algebraic formulation of vertex operator (super)algebra (or
equivalently, chiral algebra) (e.g., [Wi], [BPZ], [Za], [FLM], [KT], [FZ], [FFR], [DL],
[FF], [DMZ], [Wa], [Z1], [Z2]). On the other hand, the geometry of (super)conformal
field theory can give insight and provide tools useful for studying the algebraic as-
pects of the theory, for example: giving rise to general results in Lie theory [BHL1];
giving the necessary insight for developing a theory of tensor products for vertex
operator algebras [HL1], [HL4]–[HL7], [H3]; giving rise to change of variables for-
mulas for vertex operator algebras [H2] and N = 1 Neveu-Schwarz vertex operator
superalgebras [B6]; and giving rise to constructions in orbifold conformal field the-
ory [BDM], [H4], [BHL2]. But one of the most important applications arises from
the fact that this rigorous development of the differential geometric foundations of
(super)conformal field theory (in particular an analytic development of the mod-
uli space of (super-)Riemann surfaces and a sewing operation) is necessary for the
construction of (super)conformal field theory in the sense of Segal [Se] and Kontse-
vich. In fact the work of Huang in [H1], [H2] along with [H3], [H6]–[H10] solves the
problem of constructing holomorphic genus-zero (weakly) conformal field theories
from certain representations of vertex operator algebras.
The purpose of this paper is to extend certain geometric aspects of Huang’s work
[H2] and previous work by the author [B2], [B4] to the analogous N = 2 superge-
ometry underlying two-dimensional genus-zero holomorphic N = 2 superconformal
field theory. That is to develop the differential supergeometric foundations under-
lying the “worldsheet” approach to genus-zero holomorphic two-dimensional N = 2
superconformal field theory necessary to give a rigorous correspondence between
the geometric and algebraic aspects of the theory.
In [F], Friedan describes the extension of the physical model of conformal field
theory to that of N = 1 superconformal field theory and the notion of a superstring
whose propagation in time sweeps out a supersurface. Whereas conformal field
theory attempts to describe the interactions of bosons, superconformal field theory
attempts to describe the interactions of bosons paired with fermions, adding addi-
tional boson-fermion symmetries. N = 2 superconformal field theory explores the
theory of conformal fields if, rather than one boson-fermion symmetry is present
as in N = 1 theories, two symmetries are realized (cf. [FMS], [LVW], [Ge], [Schw],
[Wa]). This theory has gained much interest due to the phenomenon of mirror
symmetry present (cf., [LVW], [GP], [CLS], [ALR], [CdGP], [FBC], [DHVW1],
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[DHVW2], [LY], [LLY1]–[LLY4], [Gi], [Y], [GY], [PVY]). However, a rigorous foun-
dation for the correspondence between the underlying worldsheet differential geom-
etry and the algebra of N = 2 Neveu-Schwarz vertex operator superalgebras has
not yet been realized.
The natural setting for N = 2 superconformal field theory lies in N = 2 complex
supergeometry [FMS], [DRS], [D]. This is the geometry of manifolds over a com-
plex Grassmann algebra (i.e., complex supermanifolds) where there is one “even”
dimension corresponding to the one bosonic component and two “odd” dimensions
corresponding to the N = 2 fermionic components. In this paper, within the
framework of N = 2 complex supergeometry and motivated by two-dimensional
genus-zero holomorphic N = 2 superconformal field theory, we define the mod-
uli space of N = 2 super-Riemann spheres with oriented and ordered half-infinite
tubes (or equivalently, oriented and ordered punctures, and local N = 2 super-
conformal coordinates vanishing at the punctures), modulo N = 2 superconformal
equivalence. Physically, one can think of each N = 2 super-Riemann sphere as
representing some superstring interaction.
We note that since there is yet no uniformization theorem for N = 2 super-
Riemann surfaces with genus-zero compact body, for much of this paper we are
working with actual N = 2 super-Riemann spheres with tubes, rather than more
general genus-zero N = 2 super-Riemann surfaces. In Section 5, we present Con-
jecture 5.2 which states that any genus-zero N = 2 super-Riemann surface is N = 2
superconformally equivalent to the N = 2 super-Riemann sphere. If true, this con-
jecture implies that the results of this paper extend to the more general moduli
space of N = 2 genus-zero super-Riemann surfaces with tubes. However, we do not
need this conjecture for the results of this paper as stated.
In Section 6, we develop a formal theory of infinitesimal N = 2 superconfor-
mal transformations which are superderivations. We show that any local N = 2
superconformal coordinate can be expressed in terms of exponentials of these su-
perderivations. This theory of infinitesimal N = 2 superconformal transformations
is the main machinery that will be used to reformulate the moduli space as we
do in Section 8. It is this formulation that will be needed in subsequent work to
define a sewing operation on the moduli space and carry out the program of giv-
ing a rigorous geometric interpretation of N = 2 Neveu-Schwarz vertex operator
superalgebras.
In Section 7, we discuss some of the group structures arising from this formulation
of local coordinates in terms of infinitesimals. We discuss the N = 2 Neveu-Schwarz
Lie superalgebra and point out that the infinitesimal N = 2 superconformal trans-
formations give a representation of the N = 2 Neveu-Schwarz algebra in terms of
superderivations (cf. [Ki]). In particular, via these infinitesimals we present the Lie
supergroup of N = 2 superprojective transformations of the N = 2 super-Riemann
sphere. In reviewing the literature, we found many claims of presentations of this
group of automorphisms of the N = 2 super-Riemann sphere, for example [C], [Ki],
[Me], [Scho], [N] and [BL]. However, none of these provide a correct presentation
of the full group of N = 2 superprojective transformations that are N = 2 super-
conformal in the sense that we deal with in this paper. We give a detailed analysis
of each presentation and concrete counterexamples to show that the “N = 2 su-
perprojective transformations” found in the literature cited above do not give the
group of automorphisms of the N = 2 super-Riemann sphere in the usual sense.
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The calculus of N = 2 superconformal functions we develop using exponentials of
infinitesimals proves useful in unraveling the problem of determining the correct
general form of the N = 2 superprojective transformations.
In Section 8, we give the main result of this paper – a reformulation of the moduli
space of N = 2 super-Riemann spheres with tubes in terms of the infinitesimal N =
2 superconformal transformations. In Section 9, we introduce generalized N = 2
super-Riemann spheres with tubes and discuss some group structures associated to
the moduli space of both generalized and non-generalized N = 2 super-Riemann
spheres with one outgoing tube and one incoming tube. There is no complex
Lie group corresponding to the N = 2 Neveu-Schwarz algebra (just as there is
no complex Lie group corresponding to the Virasoro algebra [L]). However, the
group structures we present here associated to the moduli space of N = 2 super-
Riemann spheres lay the groundwork for showing that there are group structures
corresponding to certain infinite-dimensional sub-algebras of the N = 2 Neveu-
Schwarz algebra, and there is a partial monoid whose tangent space at the identity
is the N = 2 Neveu-Schwarz algebra. This is analogous to the non-super and the
N = 1 superconformal case as studied in [H2] and [B4], respectively.
In Section 10, we define an action of the symmetric groups on the moduli space.
In later work we will put a sewing operation on the moduli space of N = 2 super-
Riemann spheres with tubes, and this together with the action of the symmetric
group presented here will give the moduli space the structure of a partial operad
[MSS], in analogy to the non-super case [HL2], [HL3] and N = 1 super case [B4].
Finally, in Section 11 we discuss the nonhomogeneous (versus homogeneous) coor-
dinate systems associated to N = 2 superconformal structures (cf. [C], [DRS], [N])
and the corresponding results in this coordinate system.
Here we note some immediate applications of this work. In analogy to the
situation for geometric vertex operator algebras [H2] and N = 1 supergeometric
vertex operator superalgebras [B5], we expect to use the results of this paper to
establish the notion of N = 2 supergeometric vertex operator superalgebra and to
establish the isomorphism between the category of such objects and the category
of N = 2 Neveu-Schwarz vertex operator superalgebras. This rigorous correspon-
dence between the geometric and algebraic aspects of N = 2 Neveu-Schwarz vertex
operator superalgebras is necessary for the construction of N = 2 superconformal
field theory in the sense of [Se] following the program of Huang in [H1]–[H10].
We take this opportunity to point out that in [HeK], Heluani and Kac formulate
an axiomatic notion of what they call “strongly conformal NK = N SUSY vertex
superalgebras” and in [He], Heluani gives certain change of variables formulas (near
zero) for these algebras. For N = 1 these algebras correspond to “N = 1 Neveu-
Schwarz vertex operator superalgebras” as formulated and studied previously by
the author in [B1]–[B3], and change of variable formulas for such algebras under any
N = 1 superconformal change of variables (not just near zero) had been formulated
and proved by the author in [B6]; the subtleties entering into the formulation and
the proof of the change of variable formulas were explained in detail in [B6]. It was
actually the rigorous treatment of the correspondence between certain geometric
and algebraic aspects of N = 1 superconformal field theory as developed in [B2] and
[B4] that led the author to formulate and study the notion of N = 1 Neveu-Schwarz
vertex operator superalgebra with odd formal variables and to introduce (in [B1]
and [B2]; see also [B3]) such properties as the G(−1/2)-derivative property, the
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Jacobi identity and the commutator formula with odd variables, supercommutativ-
ity and associativity with odd variables, and skew-supersymmetry. The author’s
N = 1 axioms and properties mentioned here generalize routinely to N ≥ 1, treated
in [HeK] and [He] (except for the Jacobi identity).
In fact, we can further motivate the present paper by recalling that actually,
it was the substantial problem of formulating and studying not just the algebraic
structures mentioned in the previous paragraph, but rather the superconformal
geometry underlying such structures, that was the main focus of [B1]–[B6]. Some of
the main ingredients of this geometric study were the theory of the sewing operation,
in full generality, for N = 1 genus zero super-Riemann surfaces with punctures and
local coordinates; the intricate but essential proof of the convergence, necessary for
handling the sewing with general local coordinates; the formulation of a geometric
notion of “N = 1 Neveu-Schwarz vertex operator superalgebra”; the proof of the
equivalence between this notion and the algebraic notion; as a consequence of this
theory, a general change of variables formula including changes of coordinates not
just near zero but also near infinity and more generally, on an annulus; and the
solution of the problems of when and how one obtains isomorphic vertex operator
superalgebras under general changes of variables. The present paper is the first
in a series of papers extending this entire algebraic and geometric program in the
N = 1 case to the N = 2 case.
Acknowledgments: The author thanks the referee for helpful suggestions.
Notational conventions: F denotes a field of characteristic zero, N denotes the
nonnegative integers, R+ denotes the positive real numbers, Z+ denotes the positive
integers, and Z2 denotes the integers modulo 2.
2. Superanalytic functions
In this section, we recall the notion of superalgebra, Grassmann algebra and
superanalytic function following [B4], [D], [Bc1], [Ro].
Let F be a field of characteristic zero. For a Z2-graded vector spaceX = X
0⊕X1,
define the sign function η on the homogeneous subspaces of X by η(x) = j, for
x ∈ Xj and j ∈ Z2. If η(x) = 0, we say that x is even, and if η(x) = 1, we say that
x is odd.
A superalgebra is an (associative) algebra A (with identity 1 ∈ A), such that: (i)
A is a Z2-graded algebra; (ii) ab = (−1)η(a)η(b)ba for a, b homogeneous in A. Note
that when working over a field of characteristic zero or of characteristic greater than
two, property (ii), supercommutativity, implies that the square of any odd element
is zero.
A Z2-graded vector space g = g
0 ⊕ g1 is said to be a Lie superalgebra if it has
a bilinear operation [·, ·] on g such that for u, v homogeneous in g: (i) [u, v] ∈
g(η(u)+η(v))mod 2; (ii) skew symmetry holds [u, v] = −(−1)η(u)η(v)[v, u]; (iii) the
following Jacobi identity holds
(−1)η(u)η(w)[[u, v], w] + (−1)η(v)η(u)[[v, w], u] + (−1)η(w)η(v)[[w, u], v] = 0.
Remark 2.1. Given a Lie superalgebra g and a superalgebra A, the space (A0 ⊗
g0)⊕ (A1 ⊗ g1) is a Lie algebra with bracket given by
(2.1) [au, bv] = (−1)η(b)η(u)ab[u, v]
for a, b ∈ A and u, v ∈ g homogeneous (with obvious notation), where in (2.1) we
have suppressed the tensor product symbol. Note that the bracket on the left-hand
6 KATRINA BARRON
side of (2.1) is a Lie algebra bracket, and the bracket on the right-hand side is a Lie
superalgebra bracket. The Lie algebra (A0⊗g0)⊕(A1⊗g1) is called the A-envelope
of g.
For any Z2-graded associative algebra A and for u, v ∈ A of homogeneous sign,
we can define [u, v] = uv − (−1)η(u)η(v)vu, making A into a Lie superalgebra. The
algebra of endomorphisms of A, denoted End A, has a natural Z2-grading induced
from that of A, and defining [X,Y ] = XY −(−1)η(X)η(Y )Y X forX,Y homogeneous
in End A, this gives End A a Lie superalgebra structure. An elementD ∈ (End A)j ,
for j ∈ Z2, is called a superderivation of sign j (denoted η(D) = j) if D satisfies
the super-Leibniz rule
(2.2) D(uv) = (Du)v + (−1)η(D)η(u)uDv
for u, v ∈ A homogeneous.
Let V be a vector space. Then the exterior algebra generated by V , denoted∧
(V ), has the structure of a superalgebra. Fix VL to be an L-dimensional vector
space over C with basis {ζ1, ζ2, . . . , ζL} for L ∈ N such that VL ⊂ VL+1. We denote∧
(VL) by
∧
L and call this the Grassmann algebra on L generators. In other words,
from now on we will consider the Grassmann algebras to have a fixed sequence of
generators. Note that
∧
L ⊂
∧
L+1, and taking the direct limit as L → ∞, we
have the infinite Grassmann algebra denoted by
∧
∞. Then
∧
L and
∧
∞ are the
associative algebras over C with generators ζj , for j = 1, 2, . . . , L and j = 1, 2, . . . ,
respectively, and with relations
ζjζk = −ζkζj , ζ2j = 0.
Note that dimC
∧
L = 2
L, and if L = 0, then
∧
0 = C. We use the notation
∧
∗ to
denote a Grassmann algebra, finite or infinite. The reason we take
∧
∗ to be over C
is that we will mainly be interested in complex supergeometry. However, formally,
we could just as well have taken C to be any field of characteristic zero.
Let
IL =
{
(i) = (i1, i2, . . . , i2n) | i1 < i2 < · · · < i2n, il ∈ {1, 2, . . . , L}, n ∈ N
}
,
JL =
{
(j) = (j1, j2, . . . , j2n+1) | j1 < j2 < · · · < j2n+1, jl ∈ {1, 2, . . . , L}, n ∈ N
}
,
and KL = IL ∪ JL. Let
I∞ =
{
(i) = (i1, i2, . . . , i2n) | i1 < i2 < · · · < i2n, il ∈ Z+, n ∈ N
}
,
J∞ =
{
(j) = (j1, j2, . . . , j2n+1) | j1 < j2 < · · · < j2n+1, jl ∈ Z+, n ∈ N
}
,
and K∞ = I∞ ∪J∞. We use I∗, J∗, and K∗ to denote IL or I∞, JL or J∞, and KL
or K∞, respectively. Note that (i) = (i1, . . . , i2n) for n = 0 is in I∗, and we denote
this element by (∅). The Z2-grading of
∧
∗ is given explicitly by∧0
∗ =
{
a ∈ ∧∗ ∣∣ a = ∑
(i)∈I∗
a(i)ζi1ζi2 · · · ζi2n , a(i) ∈ C, n ∈ N
}
∧1
∗ =
{
a ∈ ∧∗ ∣∣ a = ∑
(j)∈J∗
a(j)ζj1ζj2 · · · ζj2n+1 , a(j) ∈ C, n ∈ N
}
.
Note that a2 = 0 for all a ∈ ∧1∗.
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We can also decompose
∧
∗ into body, (
∧
∗)B = {a(∅) ∈ C}, and soul
(
∧
∗)S =
{
a ∈ ∧∗ ∣∣ a = ∑
(k) ∈ K∗
k 6= (∅)
a(k)ζk1ζk2 · · · ζkn , a(k) ∈ C
}
subspaces such that
∧
∗ = (
∧
∗)B ⊕ (
∧
∗)S . For a ∈
∧
∗, we write a = aB + aS for
its body and soul decomposition. Note that for all a ∈ ∧L, we have aL+1S = 0.
For n ∈ N, we introduce the notation ∧∗>n to denote a finite Grassmann algebra∧
L with L > n or an infinite Grassmann algebra. We will use the corresponding
index notations for the corresponding indexing sets I∗>n, J∗>n and K∗>n.
Let m,n ∈ N, and let U be a subset of (∧0∗)m ⊕ (∧1∗)n. A ∧∗-superfunction H
on U in (m,n)-variables is given by
H : U −→ ∧∗
(z1, z2, . . . , zm, θ1, θ2, . . . , θn) 7→ H(z1, z2, . . . , zm, θ1, θ2, . . . , θn)
where zk, for k = 1, . . . ,m, are even variables in
∧0
∗ and θk, for k = 1, . . . , n, are
odd variables in
∧1
∗. Let f((z1)B , (z2)B, . . . , (zm)B) be a complex analytic function
in (zk)B , for k = 1, . . . ,m. For zk ∈
∧0
∗, and k = 1, ..,m, define
(2.3) f(z1, z2, . . . , zm) =
∑
l1,...,lm∈N
(z1)
l1
S (z2)
l2
S · · · (zm)lmS
l1!l2! · · · lm!
(
∂
∂(z1)B
)l1
·
(
∂
∂(z2)B
)l2
· · ·
(
∂
∂(zm)B
)lm
· f((z1)B , (z2)B, . . . , (zm)B).
Definition 2.2. Let m,n ∈ N. Let U ⊂ (∧0∗>n−1)m ⊕ (∧1∗>n−1)n, and let H be
a
∧
∗>n−1-superfunction in (m,n)-variables defined on U . Then H is said to be
superanalytic if H is of the form
(2.4) H(z1, z2, . . . , zm, θ1, θ2, . . . , θn) =
∑
(l)∈Kn
θl1 · · · θljf(l)(z1, z2, . . . , zm),
where each f(l) is of the form
f(l)(z1, z2, . . . , zm) =
∑
(k)∈K∗−n
f(l),(k)(z1, z2, . . . , zm)ζk1ζk2 · · · ζks ,
and each f(l),(k)((z1)B , (z2)B, . . . , (zm)B) is analytic in (zi)B, for i = 1, . . . ,m, and
((z1)B, (z2)B, . . . , (zm)B) ∈ UB ⊂ Cm. We call H an even superanalytic (m,n)-
function if whenever (l) ∈ In then f(l),(k) ≡ 0 for (k) /∈ I∗−n and whenever (l) ∈ Jn
then f(l),(k) ≡ 0 for (k) /∈ J∗−n. We call H an odd superanalytic (m,n)-function
if whenever (l) ∈ In then f(l),(k) ≡ 0 for (k) /∈ J∗−n and whenever (l) ∈ Jn then
f(l),(k) ≡ 0 for (k) /∈ I∗−n.
We require the even and odd variables to be in
∧
∗>n−1, and we restrict the
coefficients of the f(l),(k)’s to be in
∧
∗−n ⊆
∧
∗>n−1 in order for the partial deriva-
tives with respect to each of the n odd variables to be well defined and for multiple
partials to be well defined (cf. [D], [B4]).
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We define the (left) partial derivatives ∂∂zj and
∂
∂θj
acting on some superanalytic
superfunction H(z1, . . . , zm, θ1, . . . , θn) defined on U ⊂ (
∧0
∗>n−1)
m⊕(∧1∗>n−1)n by
∆zj
(
∂
∂zj
H(z1, . . . , zm, θ1, . . . , θn)
)
+O((∆zj)
2)
= H(z1, . . . , zj−1, zj +∆zj , zj+1, . . . , zm, θ1, . . . , θn)−H(z1, . . . , zm, θ1, . . . , θn)
for all ∆zj ∈
∧0
∗>0 such that (z1, . . . , zj−1, zj + ∆zj , zj+1, . . . , zm) ∈ U0, for j =
1, . . . ,m, and
∆θj
(
∂
∂θj
H(z1, . . . , zm, θ1, . . . , θn)
)
= H(z1, . . . , zm, θ1, . . . , θj−1, θj +∆θj , θj+1, . . . , θn)−H(z1, . . . , zm, θ1, . . . , θn)
for all ∆θj ∈
∧1
∗>0 such that (θ1, . . . , θj−1, θj + ∆θj , θj+1, . . . , θn) ∈ U1. Note
that ∂∂zi , for j = 1, . . . ,m, and
∂
∂θj
, for j = 1, . . . , n, are endomorphisms of the
superalgebra of superanalytic (m,n)-superfunctions, and in fact, are even and odd
superderivations, respectively.
Consider the projection
pi
(m,n)
B : (
∧0
∗>n−1)
m ⊕ (∧1∗>n−1)n −→ Cm(2.5)
(z1, . . . , zm, θ1, . . . , θn) 7→ ((z1)B, (z2)B , . . . , (zm)B).
We define the DeWitt topology on (
∧0
∗>n−1)
m ⊕ (∧1∗>n−1)n by letting
U ⊆ ((∧0∗>n−1)m ⊕ (∧1∗>n−1)n)
be an open set in the DeWitt topology if and only if U = (pi
(m,n)
B )
−1(V ) for some
open set V ⊆ Cm. Note that the natural domain of a superanalytic ∧∗>n−1-
superfunction in (m,n)-variables is an open set in the DeWitt topology.
A “superconformal” field theory based on “superfields” which are superanalytic
superfunctions in (1, n)-variables satisfying certain symmetry conditions would be
referred to as an “N = n superconformal field theory”.
Let (
∧
∗)
× denote the set of invertible elements in
∧
∗. Then
(
∧
∗)
× = {a ∈ ∧∗ | aB 6= 0}
since
1
a
=
1
aB + aS
=
∑
n∈N
(−1)nanS
an+1B
is well defined if and only if aB 6= 0. In light of this fact, note that the DeWitt
topology is non-Hausdorff. For example, two points a, b ∈ ∧∗ can be separated by
disjoint open sets in the DeWitt topology if and only if aB 6= bB, i.e., if and only if
their difference is an invertible element of
∧
∗. In other words, the DeWitt topology
fails to be Hausdorff exactly to the extent that the nonzero elements of
∧
∗ fail in
general to be invertible.
Remark 2.3. Recall that
∧
L ⊂
∧
L+1 for L ∈ N, and note that from (2.3), any
superanalytic
∧
L-superfunction, HL, in (m,n)-variables for L ≥ n can naturally be
extended to a superanalytic
∧
L′-superfunction in (m,n)-variables for L
′ > L and
hence to a superanalytic
∧
∞-superfunction. Conversely, if HL′ is a superanalytic∧
L′-superfunction (or
∧
∞-superfunction) in (m,n)-variables for L
′ > n, then we
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can restrict HL′ to a superanalytic
∧
L-superfunction for L
′ > L ≥ n by restricting
(z1, . . . , zm, θ1, . . . , θn) ∈ (
∧0
L)
m ⊕ (∧1L)n and setting f(l),(k) ≡ 0 if (k) /∈ KL−n.
3. Superconformal (1, 2)-superfunctions and power series
In this section we give the definition of N = 2 superconformal superfunction
and make note of the power series expansions of such functions vanishing at zero
or infinity (cf. [Ki], [N]).
Remark 3.1. There are typically two different coordinate systems one can choose
to work with in N = 2 superconformal field theory (cf. [C], [N]). Throughout
most of this work, we have chosen to work with what we call the “homogeneous”
coordinate system. In Section 11 we discuss the “nonhomogeneous” coordinate
system and show how to convert our results to that setting.
Let z be an even variable in
∧0
∗>1, and let θ
+ and θ− be odd variables in
∧1
∗>1.
Define
(3.1) D+ =
∂
∂θ+
+ θ−
∂
∂z
D− =
∂
∂θ−
+ θ+
∂
∂z
.
Then D± are odd superderivations on
∧
∗>1-superfunctions in (1, 2)-variables which
are superanalytic in some DeWitt open subset U ⊆ ∧0∗>1⊕(∧1∗>1)2. Note that
[D±, D±] = 2(D±)2 = 0(3.2) [
D+, D−
]
= D+D− +D−D+ = 2
∂
∂z
.(3.3)
Let
H : U ⊆ ∧0∗>1 ⊕ (∧1∗>1)2 → ∧0∗>1 ⊕ (∧1∗>1)2(3.4)
(z, θ+, θ−) 7→ (H0(z, θ+, θ−), H+(z, θ+, θ−), H−(z, θ+, θ−))
= (z˜, θ˜+, θ˜−)
be superanalytic, i.e., H0(z, θ+, θ−) = z˜ is an even superanalytic (1, 2)-function in
the sense of Definition 2.2, and H±(z, θ+, θ−) = θ˜± are odd superanalytic (1, 2)-
functions. Then D+ and D− transform under H(z, θ+, θ−) by
D+ = (D+θ˜+)D˜+ + (D+θ˜−)
∂
∂θ˜−
+ (D+z˜ − θ˜−D+θ˜+) ∂
∂z˜
(3.5)
D− = (D−θ˜−)D˜− + (D−θ˜+)
∂
∂θ˜+
+ (D−z˜ − θ˜+D−θ˜−) ∂
∂z˜
(3.6)
where D˜± = ∂
∂θ˜±
+ θ˜∓ ∂∂z˜ with
∂
∂z˜ and
∂
∂θ˜±
defined by the usual chain rule, i.e.,
∂
∂z
=
∂z˜
∂z
∂
∂z˜
+
∂θ˜+
∂z
∂
∂θ˜+
+
∂θ˜−
∂z
∂
∂θ˜−
∂
∂θ+
=
∂z˜
∂θ+
∂
∂z˜
+
∂θ˜+
∂θ+
∂
∂θ˜+
+
∂θ˜−
∂θ+
∂
∂θ˜−
∂
∂θ−
=
∂z˜
∂θ−
∂
∂z˜
+
∂θ˜+
∂θ−
∂
∂θ˜+
+
∂θ˜−
∂θ−
∂
∂θ˜−
.
Recall that a complex function f defined on an open set UB in C, of one com-
plex variable zB, is conformal in UB if and only if
d
dzB
f(zB) exists for zB ∈ UB
and is not identically zero in UB, i.e., if and only if f(zB) = z˜B transforms
d
dzB
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by ddzB = f
′(zB) ddz˜B for f
′ not identically zero. Such a transformation of ddzB is
said to be homogeneous of degree one, i.e., f transforms ddzB by a non-zero analytic
function times ddz˜B to the first power with no higher order terms in
d
dz˜B
. Analo-
gously we define an N = 2 superconformal function H on a DeWitt open subset U
of
∧0
∗>1⊕(
∧1
∗>1)
2 to
∧0
∗>1⊕(
∧1
∗>1)
2 to be a superanalytic function under which
D+ and D− transform homogeneously of degree one. That is, H transforms D±
by non-zero superanalytic functions times D˜±, respectively. Since such a super-
analytic function H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) transforms D+ and D− according to
(3.5) and (3.6), respectively, H is superconformal if and only if, in addition to being
superanalytic, H satisfies
D+θ˜− = 0,(3.7)
D−θ˜+ = 0,(3.8)
D+z˜ − θ˜−D+θ˜+ = 0,(3.9)
D−z˜ − θ˜+D−θ˜− = 0,(3.10)
for D±θ˜± not identically zero, thus transforming D± by D± = (D±θ˜±)D˜±.
We can write H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) as
z˜ = f(z) + θ+ξ+(z) + θ−ξ−(z) + θ+θ−f+,−(z)
θ˜+ = ψ+(z) + θ+g+(z) + θ−h−(z) + θ+θ−φ+(z)
θ˜− = ψ−(z) + θ+h+(z) + θ−g−(z) + θ+θ−φ−(z)
for f, f+,−, g±, h± even and ξ±, ψ±, φ± odd (1, 0)-superfunctions in z. Then the
conditions (3.7) – (3.10) are equivalent to the conditions
z˜ = f(z) + θ+g+(z)ψ−(z) + θ−g−(z)ψ+(z) + θ+θ−(ψ+(z)ψ−(z))′(3.11)
θ˜+ = ψ+(z) + θ+g+(z) + θ+θ−(ψ+)′(z)(3.12)
θ˜− = ψ−(z) + θ−g−(z)− θ+θ−(ψ−)′(z)(3.13)
and
(3.14) f ′(z) = (ψ+)′(z)ψ−(z)− ψ+(z)(ψ−)′(z) + g+(z)g−(z),
and we also require that D+θ˜+ and D−θ˜− not be identically zero, which is equiv-
alent to
g+(z) + (ψ+)′(z) ≡/ 0 and g−(z) + (ψ−)′(z) ≡/ 0.(3.15)
Thus an N = 2 superconformal function H is uniquely determined by f(z), ψ±(z),
g±(z) satisfying the conditions (3.14) and (3.15).
Note that the space of N = 2 superconformal functions on
∧0
∗>1⊕(
∧1
∗>1)
2 is
closed under composition when defined. However, the sum of two N = 2 supercon-
formal functions is not in general superconformal.
In Section 5, we will study “N = 2 super-Riemann spheres with punctures and
local superconformal coordinates vanishing at the punctures”. These punctures can
be thought of as being at 0 ∈ ∧0∗>1⊕(∧1∗>1)2, a non-zero point in ∧0∗>1⊕(∧1∗>1)2,
or at a distinguished point on the N = 2 super-Riemann sphere we denote by
“∞”. As will be shown in Section 5, we can always shift a non-zero point in∧0
∗>1⊕(
∧1
∗>1)
2 (or on the N = 2 super-Riemann sphere) to zero via a global
N = 2 superconformal transformation. Thus all local superconformal coordinates
THE N = 2 MODULI SPACE 11
vanishing at the punctures can be expressed as power series vanishing at zero or
vanishing as (z, θ+, θ−) = (zB + zS , θ+, θ−) −→ (∞+ 0, 0, 0) =∞.
If the puncture is at zero, we are interested in invertible N = 2 superconformal
functions H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) defined in a neighborhood of zero vanishing at
zero. Such an H satisfies (3.11) – (3.15) where f(z), g±(z) are even superanalytic
functions and ψ±(z) are odd superanalytic functions, satisfying f(0) = ψ±(0) = 0
and f ′(0), g±(0) ∈ (∧0∗−2)×. Thus an N = 2 superconformal power series invertible
in a neighborhood of zero and vanishing at zero is uniquely determined by
g±(z) =
∑
j∈N
a±j z
j , for a±j ∈
∧0
∗−2 and a
±
0 ∈ (
∧0
∗−2)
×(3.16)
ψ±(z) =
∑
j∈N
m±
j+ 12
zj+1, for m±
j+ 12
∈ ∧1∗−2,(3.17)
and has the form (3.11) – (3.13), where f is uniquely determined by (3.14) since
f(0) = 0.
Remark 3.2. From the previous statement, we see that ifH(z, θ+, θ−) = (z˜, θ˜+, θ˜−)
is N = 2 superconformal and vanishing at zero, then it is completely determined
by the components θ˜±. In fact we can say more: H vanishing at zero is completely
determined by θ∓θ˜±, since then we are still able to pick out the ψ± and g± com-
ponents. Note that such an H is not determined uniquely by z˜ alone. This is in
contrast to the N = 1 case (cf. [B4]).
Explicitly, we have that if H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) is superconformal and in-
vertible in a neighborhood of zero and vanishing at zero, then
z˜ =
∑
j,k∈N
( 1
j + k + 1
a+j a
−
k z
j+k+1 +
j − k
j + k + 2
m+
j+ 12
m−
k+ 12
zj+k+2(3.18)
+ θ+a+j m
−
k+ 12
zj+k+1 + θ−a−j m
+
k+ 12
zj+k+1
+ θ+θ−(j + k + 2)m+
j+ 12
m−
k+ 12
zj+k+1
)
θ˜± =
∑
j∈N
(
m±
j+ 12
zj+1 + θ±a±j z
j ± θ+θ−(j + 1)m±
j+ 12
zj
)
(3.19)
for a±0 ∈ (
∧0
∗−2)
×, a±j ∈
∧0
∗−2, for j ∈ Z+, and m±j+ 12 ∈
∧1
∗−2, for j ∈ N.
Similarly, we would like to express an N = 2 superconformal function vanishing
as (z, θ+, θ−) = (zB + zS , θ+, θ−) −→ (∞+ 0, 0, 0) =∞ as a power series in z and
θ±. The superfunction
I : (
∧0
∗>1)
× ⊕ (∧1∗>1)2 −→ (∧0∗>1)× ⊕ (∧1∗>1)2
(z, θ+, θ−) 7→
(1
z
,
iθ+
z
,
iθ−
z
)
is N = 2 superconformal, well defined and vanishing as (z, θ+, θ−)→∞. In fact, H
is N = 2 superconformal, well defined and invertible in a neighborhood of (∞, 0, 0)
and vanishing at (z, θ+, θ−) = ∞ if and only if H(1/z, iθ+/z, iθ−/z) = (z˜, θ˜+, θ˜−)
is of the form (3.18) – (3.19).
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Explicitly, we have that if H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) is N = 2 superconformal
and invertible in a neighborhood of infinity and vanishing at infinity, then
z˜ =
∑
j,k∈N
( 1
j + k + 1
a+j a
−
k z
−j−k−1 +
j − k
j + k + 2
m+
j+ 12
m−
k+ 12
z−j−k−2(3.20)
+ iθ+a+j m
−
k+ 12
z−j−k−2 + iθ−a−j m
+
k+ 12
z−j−k−2
− θ+θ−(j + k + 2)m+
j+ 12
m−
k+ 12
z−j−k−3
)
θ˜± =
∑
j∈N
(
m±
j+ 12
z−j−1 + iθ±a±j z
−j−1 ∓ θ+θ−(j + 1)m±
j+ 12
z−j−2
)
(3.21)
for a±0 ∈ (
∧0
∗−2)
×, a±j ∈
∧0
∗−2, for j ∈ Z+, and m±j+ 12 ∈
∧1
∗−2, for j ∈ N.
4. Complex supermanifolds, N = 2 super-Riemann surfaces and N = 2
superspheres with tubes
In this section we give the definitions of supermanifold, N = 2 super-Riemann
surface and genus-zero N = 2 super-Riemann surface which we call an “N =
2 supersphere”. We then study N = 2 superspheres with ordered and oriented
tubes and show that these are superconformally equivalent to N = 2 superspheres
with ordered and oriented punctures and local N = 2 superconformal coordinates
vanishing at the punctures.
A DeWitt (m,n)-dimensional supermanifold over
∧
∗ is a topological space X
with a countable basis which is locally homeomorphic to an open subset of (
∧0
∗)
m⊕
(
∧1
∗)
n in the DeWitt topology. A DeWitt (m,n)-chart on X over
∧
∗ is a pair (U,Ω)
such that U is an open subset of X and Ω is a homeomorphism of U onto an open
subset of (
∧0
∗)
m ⊕ (∧1∗)n in the DeWitt topology. A superanalytic atlas of DeWitt
(m,n)-charts on X over
∧
∗>n−1 is a family of charts {(Uα,Ωα)}α∈A satisfying
(i) Each Uα is open in X , and
⋃
α∈A Uα = X .
(ii) Each Ωα is a homeomorphism from Uα to a (DeWitt) open set in (
∧0
∗>n−1)
m⊕
(
∧1
∗>n−1)
n, such that Ωα ◦Ω−1β : Ωβ(Uα∩Uβ) −→ Ωα(Uα∩Uβ) is superanalytic for
all non-empty Uα ∩Uβ , i.e., Ωα ◦Ω−1β = (z˜1, . . . , z˜m, θ˜1, . . . , θ˜n) where z˜i is an even
superanalytic
∧
∗>n−1-superfunction in (m,n)-variables for i = 1, . . . ,m, and θ˜j is
an odd superanalytic
∧
∗>n−1-superfunction in (m,n)-variables for j = 1, . . . , n.
Such an atlas is called maximal if, given any chart (U,Ω) such that
Ω ◦ Ω−1β : Ωβ(U ∩ Uβ) −→ Ω(U ∩ Uβ)
is a superanalytic homeomorphism for all β, then (U,Ω) ∈ {(Uα,Ωα)}α∈A.
A DeWitt (m,n)-superanalytic supermanifold over
∧
∗>n−1 is a DeWitt (m,n)-
dimensional supermanifold M together with a maximal superanalytic atlas of De-
Witt (m,n)-charts over
∧
∗>n−1.
Given a DeWitt (m,n)-superanalytic supermanifold M over
∧
∗>n−1, define an
equivalence relation ∼ on M by letting p ∼ q if and only if there exists α ∈ A such
that p, q ∈ Uα and pi(m,n)B (Ωα(p)) = pi(m,n)B (Ωα(q)) where pi(m,n)B is the projection
given by (2.5). Let pB denote the equivalence class of p under this equivalence
relation. Define the body MB of M to be the m-dimensional complex manifold
with analytic structure given by the coordinate charts {((Uα)B, (Ωα)B)}α∈A where
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(Uα)B = {pB | p ∈ Uα}, and (Ωα)B : (Uα)B −→ Cm is given by (Ωα)B(pB) =
pi
(m,n)
B ◦ Ωα(p).
We have that M is a complex fiber bundle over the complex manifold MB. The
fiber is (
∧0
∗>n−1)
m
S ⊕ (
∧1
∗>n−1)
n, a possibly infinite-dimensional vector space over
C. This bundle is not in general a vector bundle since the transition functions are
not in general linear.
For any DeWitt (1, n)-superanalytic supermanifold M , its body MB is a Rie-
mann surface. An N = 2 super-Riemann surface over
∧
∗>1 is a DeWitt (1, 2)-
superanalytic supermanifold over
∧
∗>1 with coordinate atlas {(Uα,Ωα)}α∈A such
that the coordinate transition functions Ωα◦Ω−1β in addition to being superanalytic
are also N = 2 superconformal for all non-empty Uα∩Uβ . Since the condition that
the coordinate transition functions be superconformal instead of merely superana-
lytic is such a strong condition (unlike in the nonsuper case), we again stress the
distinction between an N = 2 supermanifold which has superanalytic transition
functions versus an N = 2 super-Riemann surface which has N = 2 superconformal
transition functions. It would be perhaps more appropriate to refer to the later
as an “N = 2 superconformal super-Riemann surface” in order to avoid confusion.
In fact, in the literature one will find the term “super-Riemann surface” or “Rie-
mannian supermanifold” used for both merely superanalytic structures (cf. [D])
and for superconformal structures (cf. [F], [CR]). However, we will follow the ter-
minology of [F] for the N = 1 super case and refer to an N = 2 superconformal
super-Riemann surface simply as an N = 2 super-Riemann surface.
By N = 2 supersphere we will mean a (superconformal) N = 2 super-Riemann
surface over
∧
∗>1 such that its body is a genus-zero one-dimensional connected
compact complex manifold.
An N = 2 supersphere with 1 + n tubes for n ∈ N, is a supersphere S with
one negatively oriented point p0 and n positively oriented points p1, ..., pn (we call
them punctures) on S which all have distinct bodies (i.e., (pj)B 6= (pk)B if j 6= k, or
equivalently pj is not equivalent to pk for j 6= k under the equivalence relation ∼)
and with local N = 2 superconformal coordinates (U0,Ω0), . . . , (Un,Ωn) vanishing
at the punctures p0, . . . , pn, respectively. We denote this structure by
(S; p0, ..., pn; (U0,Ω0), ..., (Un,Ωn)).
We will always order the punctures so that the negatively oriented puncture is p0.
The reason we call a puncture with local N = 2 superconformal coordinate van-
ishing at the puncture a “tube” is that such a structure is indeed superconformally
equivalent to a half-infinite N = 2 superconformal tube representing an incom-
ing (resp., outgoing) N = 2 “superparticle” or “superstring” propagating through
space-time if the puncture is positively (resp., negatively) oriented. For r ∈ R+,
denote by
BrzB = {wB ∈ C | |wB − zB| < r} (resp., B¯rzB = {wB ∈ C | |wB − zB| ≤ r})
an open (resp., closed) ball in the complex plane about the point zB with radius r.
Denote a DeWitt open (resp., closed) ball in
∧0
∗>1⊕(
∧1
∗>1)
2 about (z, θ+, θ−) of
radius r by
Brz = BrzB ×
(
(
∧0
∗>1)S ⊕ (
∧1
∗>1)
2
)
(resp., B¯rz = B¯rzB ×
(
(
∧0
∗>1)S ⊕ (
∧1
∗>1)
2
)
.
(Note that Brz depends only on zB and r.) Let p be a positively oriented puncture on
an N = 2 supersphere with a local coordinate neighborhood U and superconformal
14 KATRINA BARRON
local coordinate map Ω : U → ∧0∗>1⊕(∧1∗>1)2 vanishing at the puncture. Then for
some r ∈ R+, we can find a DeWitt open disc Br0 such that Ω−1(Br0) ⊂ U . Define the
equivalence relation ∼˜ on ∧0∗>1⊕(∧1∗>1)2 by (z1, θ+1 , θ−1 )∼˜(z2, θ+2 , θ−2 ) if and only if
(z1)B = (z2)B +2piik for some integer k, (z1)S = (z2)S and θ
±
1 = θ
±
2 . Then the set
τr of all equivalence classes of elements of (z, θ
+, θ−) ∈ ∧0∗>1⊕(∧1∗>1)2 satisfying
Re(zB) < log r (where Re(zB) is the real part of the complex number zB) together
with the metric induced from the DeWitt metric on
∧0
∗>1⊕(
∧1
∗>1)
2 is a half-infinite
tube in the body and is topologically trivial in the soul. Letting H(z, θ+, θ−) =
(log z, θ+
√
1/z, θ−
√
1/z), the map q 7→ H(Ω(q)) from Ω−1(Br0) to τr is a well-
defined invertible N = 2 superconformal map. A closed curve on the N = 2
supersphere shrinking to p corresponds to a closed loop or “superstring” around this
half-infinite super-cylinder tending towards minus infinity in the body coordinate.
We can perform a similar superconformal transformation for the negatively oriented
puncture with local coordinate in order to recover the half-infinite outgoing tube.
In N = 2 superconformal field theory, one generally wants to consider N = 2
superspheres and higher genus super-Riemann surfaces with m ∈ Z+ negatively
oriented (i.e., outgoing) tubes and n ∈ N positively oriented (i.e., incoming) tubes.
However, for the purposes of this work, we restrict to genus zero and m = 1.
Let (S1; p0, ..., pn; (U0,Ω0), ..., (Un,Ωn)) and (S2; q0, ..., qn; (V0,Ξ0), ..., (Vn,Ξn))
be two N = 2 superspheres with 1 + n tubes. A map F : S1 → S2 will be said to
be N = 2 superconformal if Ξβ ◦ F ◦ Ω−1α is N = 2 superconformal for all charts
(Uα,Ωα) of S1, for all charts (Vβ ,Ξβ) of S2, and for all (z, θ
+, θ−) ∈ Ωα(Uα) such
that F ◦ Ω−1α (z, θ+, θ−) ∈ Vβ . If there is an N = 2 superconformal isomorphism
F : S1 → S2 such that for each j = 0, ..., n, we have F (pj) = qj and
Ωj |Wj = Ξj ◦ F |Wj ,
for Wj some DeWitt neighborhood of pj , then we say that these two N = 2 super-
spheres with 1+n tubes are superconformally equivalent and F is a superconformal
equivalence from
(S1; p0, ..., pn; (U0,Ω0), ..., (Un,Ωn))
to
(S2; q0, ..., qn; (V0,Ξ0), ..., (Vn,Ξn)).
Thus the superconformal equivalence class of an N = 2 supersphere with tubes
depends only on the N = 2 supersphere, the punctures, and the germs of the local
coordinate maps vanishing at the punctures.
5. The moduli space of N = 2 super-Riemann spheres with tubes
In this section we define the N = 2 super-Riemann sphere and the moduli space
of N = 2 super-Riemann spheres with tubes. We introduce canonical N = 2
superspheres with tubes, and show that any N = 2 super-Riemann sphere with
tubes is N = 2 superconformally equivalent to a canonical N = 2 supersphere
with tubes. In addition, we show that two different canonical N = 2 superspheres
with tubes are not N = 2 superconformally equivalent. This shows that there is
a bijection between the set of canonical N = 2 superspheres with tubes and the
moduli space of N = 2 super-Riemann spheres with tubes.
Remark 5.1. In subsequent work, we will want to consider functions on the moduli
space of N = 2 super-Riemann spheres with tubes which are superanalytic or
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supermeromorphic. These superfunctions will in general involve an infinite number
of odd variables — not only the odd part of the coordinate for the finite number of
punctures but also the possibly infinite amount of odd data involved in describing
the local coordinates about the punctures. (See Remarks 5.5 and 5.6 below.) In
this case, we need to work over
∧
∞ if we want all multiple partial derivatives with
respect to these odd variables to be well defined. Since it is no harder to work over
an infinite Grassmann algebra, from now on, this is what we will do. One may
always later restrict to some
∧
L for L ∈ N when substituting for these variables
in the functional part of the theory or restrict to the supermanifold substructure
defined over
∧
L (see [B4]) for geometric aspects of the theory.
Let S2Cˆ be the genus zero N = 2 super-Riemann surface over
∧
∞ (meaning of
course over
∧0
∞⊕(
∧1
∞)
2) with superconformal structure given by the covering of
local coordinate neighborhoods {U∆, UΥ} and the local coordinate maps
∆ : U∆ −→
∧0
∞ ⊕ (
∧1
∞)
2(5.1)
Υ : UΥ −→
∧0
∞ ⊕ (
∧1
∞)
2,(5.2)
which are homeomorphisms of U∆ and UΥ onto
∧0
∞⊕(
∧1
∞)
2, respectively, such
that
∆ ◦Υ−1 : (∧0∞)× ⊕ (∧1∞)2 −→ (∧0∞)× ⊕ (∧1∞)2(5.3)
(w, ρ+, ρ−) 7→
( 1
w
,
iρ+
w
,
iρ−
w
)
= I(w, ρ+, ρ−).
Thus the body of S2Cˆ is the Riemann sphere, (S2Cˆ)B = Cˆ = C ∪ {∞}, with
coordinates wB near 0 and 1/wB near ∞. We will call S2Cˆ the N = 2 super-
Riemann sphere or just the super-Riemann sphere and will refer to Υ−1(0) as the
point at (∞, 0, 0) or just the point at infinity and to ∆−1(0) as the point at (0, 0, 0)
or just the point at zero.
An N = 2 super-Riemann sphere with 1 + n tubes for n ∈ N, is an N = 2
supersphere with 1+n tubes such that the underlyingN = 2 supersphere is the N =
2 super-Riemann sphere. The collection of all N = 2 superconformal equivalence
classes of N = 2 super-Riemann spheres over
∧
∞ with 1 + n tubes is called the
moduli space of N = 2 super-Riemann spheres over
∧
∞ with 1 + n tubes. The
collection of all N = 2 superconformal equivalence classes of N = 2 super-Riemann
spheres over
∧
∞ with tubes is called the moduli space of N = 2 super-Riemann
spheres over
∧
∞ with tubes.
Remark 5.2. The results we obtain in this paper on the moduli space of N = 2
super-Riemann spheres can be extended to the moduli space of all N = 2 super-
spheres, i.e., all N = 2 super-Riemann surfaces with genus-zero compact body,
provided that the following conjecture is true.
Conjecture 5.3. Any N = 2 super-Riemann surface with genus-zero compact body
is N = 2 superconformally equivalent to the N = 2 super-Riemann sphere S2Cˆ.
However, for the results stated in this paper, we do not need or use this conjec-
ture.
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The Lie supergroup of superconformal automorphisms of S2Cˆ is the group of
N = 2 superprojective transformations (w, ρ+, ρ−) 7→ (w˜, ρ˜+, ρ˜−) given by
w˜ =
aw + b
cw + d
+ ρ+
e+(γ−w + δ−)
(cw + d)2
+ ρ+
(f+w + h+)(γ−w + δ−)
(cw + d)3
(5.4)
+ρ−
e−(γ+w + δ+)
(cw + d)2
+ ρ−
(f−w + h−)(γ+w + δ+)
(cw + d)3
+ρ+ρ−
2γ+γ−dw − (γ+δ− + δ+γ−)(cw − d)− 2δ+δ−c
(cw + d)3
ρ˜+ =
γ+w + δ+
cw + d
+ ρ+
e+
cw + d
+ ρ+
f+w + h+
(cw + d)2
+ ρ+ρ−
γ+d− δ+c
(cw + d)2
(5.5)
ρ˜− =
γ−w + δ−
cw + d
+ ρ−
e−
cw + d
+ ρ−
f−w + h−
(cw + d)2
− ρ+ρ− γ
−d− δ−c
(cw + d)2
(5.6)
for a, b, c, d, e±, f±, h± ∈ ∧0∞ and γ±, δ± ∈ ∧1∞ satisfying
ad− bc = 1(5.7)
e+e− = 1− γ+δ− + δ+γ−(5.8)
f± = ∓e±γ+γ−d(5.9)
h± = ±e±(δ+δ−c− (γ+δ− + δ+γ−)d∓ δ+δ−γ+γ−d).(5.10)
Below we give an explicit description of how these N = 2 superprojective trans-
formations act on S2Cˆ. In Section 7, we give a more detailed description of how this
Lie supergroup and its action on S2Cˆ is derived and also point out errors in pre-
vious claims of descriptions of the group of N = 2 superprojective transformations
acting on S2Cˆ, including counterexamples to several of the presentations given in
the literature.
We first note that using conditions (5.9) and (5.10), we have
(5.11) (f±w + h±)(γ∓w + δ∓) = ±e±δ+δ−γ∓(cw + d),
and thus w˜ can be simplified from (5.4) and in general the N = 2 superprojec-
tive transformations given by (5.4) – (5.6) satisfying conditions (5.7) – (5.10) are
equivalent to
w˜ =
aw + b
cw + d
+ ρ+
e+(γ−w + δ− + δ+δ−γ−)
(cw + d)2
(5.12)
+ρ−
e−(γ+w + δ+ − δ+δ−γ+)
(cw + d)2
+ρ+ρ−
2γ+γ−dw − (γ+δ− + δ+γ−)(cw − d)− 2δ+δ−c
(cw + d)3
ρ˜+ =
γ+w + δ+
cw + d
+ ρ+
e+
cw + d
(5.13)
+ρ+
e+(−γ+γ−dw + δ+δ−c− (γ+δ− + δ+γ−)d− δ+δ−γ+γ−d)
(cw + d)2
+ρ+ρ−
γ+d− δ+c
(cw + d)2
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ρ˜− =
γ−w + δ−
cw + d
+ ρ−
e−
cw + d
(5.14)
+ρ−
e−(γ+γ−dw − δ+δ−c+ (γ+δ− + δ+γ−)d− δ+δ−γ+γ−d)
(cw + d)2
−ρ+ρ− γ
−d− δ−c
(cw + d)2
for a, b, c, d, e± ∈ ∧0∞ and γ±, δ± ∈ ∧1∞ satisfying
ad− bc = 1(5.15)
e+e− = 1− γ+δ− + δ+γ−.(5.16)
If T : S2Cˆ −→ S2Cˆ is an N = 2 superprojective transformation, then T can be
uniquely expressed by ∆ ◦ T ◦∆−1 as follows. We define T∆ = ∆ ◦ T ◦∆−1 by
T∆ :
(∧0
∞ r
({−dB/cB} × (∧0∞)S))⊕ (∧1∞)2 −→(∧0
∞ r
({aB/cB} × (∧0∞)S))⊕ (∧1∞)2
(w, ρ+, ρ−) 7→ (w˜, ρ˜+, ρ˜−)
with (w˜, ρ˜+, ρ˜−) given by (5.4) – (5.6) satisfying (5.7) – (5.10), and we define
TΥ = Υ ◦ T ◦Υ−1
TΥ :
(∧0
∞ r
({−aB/bB} × (∧0∞)S))⊕ (∧1∞)2 −→(∧0
∞r
({dB/bB} × (∧0∞)S))⊕ (∧1∞)2
(w, ρ+, ρ−) 7→ (wˆ, ρˆ+, ρˆ−),
with (wˆ, ρˆ+, ρˆ−) given by
wˆ =
c+ dw
a+ bw
− iρ+ e
+(γ− + (δ− + δ+δ−γ−)w)
(a+ bw)2
(5.17)
−iρ− e
−(γ+ + (δ+ − δ+δ−γ+)w)
(a+ bw)2
+ρ+ρ−
2γ+γ−b− (γ+δ− + δ+γ−)(a− bw)− 2δ+δ−aw
(a+ bw)3
ρˆ+ = −iγ
+ + δ+w
a+ bw
+ ρ+
e+ − γ+δ− − δ+γ− − γ+δ+δ−γ−
a+ bw
(5.18)
+ρ+
e+(δ+δ−aw − γ+γ−b+ (γ+δ− + δ+γ−)a+ γ+δ+δ−γ−a)
(a+ bw)2
+iρ+ρ−
γ+b − δ+a
(a+ bw)2
ρˆ− = −iγ
− + δ−w
a+ bw
+ ρ−
e− + δ+γ− + γ+δ− − δ+δ−γ+γ−
a+ bw
(5.19)
+ρ−
e−(−δ+δ−aw + γ+γ−b− (δ+γ− + γ+δ−)a+ δ+δ−γ+γ−a)
(a+ bw)2
−iρ+ρ− γ
−b− δ−a
(a+ bw)2
.
That is TΥ(w, ρ
+, ρ−) = I−1 ◦ T∆ ◦ I(w, ρ+, ρ−) for (w, ρ+, ρ−) ∈ ((
∧0
∞)
× r
({−aB/bB} × (
∧0
∞)S))⊕ (
∧1
∞)
2.
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Note that TΥ(w, ρ, ρ) = (wˆ, ρˆ
+, ρˆ−) is of the form (5.12) – (5.14) satisfying the
conditions (5.15) and (5.16). This can be seen by letting
(5.20) aˆ = d, bˆ = c, cˆ = b, dˆ = a, γˆ± = −iδ±, δˆ± = −iγ±
and
(5.21) eˆ± = e± ∓ (γ+δ− + δ+γ−)− δ+δ−γ+γ−.
Then we define T : S2Cˆ −→ S2Cˆ by
(5.22)
T (p) =
{
∆−1 ◦ T∆ ◦∆(p) if p ∈ U∆ r∆−1(({−dB/cB} × (
∧0
∞)S)⊕ (
∧1
∞)
2),
Υ−1 ◦ TΥ ◦Υ(p) if p ∈ UΥ rΥ−1(({−aB/bB} × (
∧0
∞)S)⊕ (
∧1
∞)
2) .
This defines T for all p ∈ S2Cˆ unless:
(i) aB = 0 and p ∈ Υ−1(({0} × (
∧0
∞)S)⊕ (
∧1
∞)
2); or
(ii) dB = 0 and p ∈ ∆−1(({0} × (
∧0
∞)S)⊕ (
∧1
∞)
2).
In case (i), we define
(5.23) T (p) = ∆−1
(
a+ bw
c+ dw
+ iρ+
e+(γ− + δ−w)
(c+ dw)2
+ iρ+
(f+ + h+w)(γ− + δ−w)
(c+ dw)3
+ iρ−
e−(γ+ + δ+w)
(c+ dw)2
+ iρ−
(f− + h−w)(γ+ + δ+w)
(c+ dw)3
− ρ+ρ− 2γ
+γ−d− (γ+δ− + δ+γ−)(c− dw) − 2δ+δ−cw
(c+ dw)3
,
γ+ + δ+w
c+ dw
+ iρ+
e+
c+ dw
+ iρ+
f+ + h+w
(c+ dw)2
− ρ+ρ− γ
+d− δ+c
(c+ dw)2
,
γ− + δ−w
c+ dw
+ iρ−
e−
c+ dw
+ iρ−
f− + h−w
(c+ dw)2
+ ρ+ρ−
γ−d− δ−c
(c+ dw)2
)
,
for Υ(p) = (w, ρ+, ρ−) = (wS , ρ+, ρ−).
In case (ii), we define
(5.24)
T (p) = Υ−1
(
cw + d
aw + b
−ρ+ e
+(γ−w + δ− + δ+δ−γ−)
(aw + b)2
−ρ− e
−(γ+w + δ+ − δ+δ−γ+)
(aw + b)2
− ρ+ρ− 2γ
+γ−bw − (γ+δ− + δ+γ−)(aw − b)− 2δ+δ−a
(aw + b)3
,
− iγ
+w + δ+
aw + b
− iρ+ e
+ − γ+δ− − δ+γ− − γ+δ+δ−γ−
aw + b
− iρ+ e
+(δ+δ−a− γ+γ−bw + (γ+δ− + δ+γ−)aw + γ+δ+δ−γ−aw)
(aw + b)2
− iρ+ρ− γ
+b− δ+a
(aw + b)2
,−iγ
−w + δ−
aw + b
− iρ− e
− + δ+γ− + γ+δ− − δ+δ−γ+γ−
aw + b
− iρ− e
−(−δ+δ−a+ γ+γ−bw − (δ+γ− + γ+δ−)aw + δ+δ−γ+γ−aw)
(aw + b)2
+ iρ+ρ−
γ−b− δ−a
(aw + b)2
)
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for ∆(p) = (w, ρ+, ρ−) = (wS , ρ+, ρ−).
Note that with this definition, T is uniquely determined by T∆, i.e., by its value
on ∆(U∆). Or equivalently, T is uniquely determined by TΥ, i.e., by its value on
Υ(UΥ).
Let
Br∞ =
{
(w, ρ+, ρ−) ∈ ∧0∞ ⊕ (∧1∞)2 ∣∣ ∣∣∣ 1wB
∣∣∣ < r}.
Proposition 5.4. Any N = 2 super-Riemann sphere over
∧
∞ with 1+n tubes for
n ∈ Z+ is N = 2 superconformally equivalent to an N = 2 super-Riemann sphere
with 1 + n tubes of the form
(5.25)
(
S2Cˆ; Υ−1(0),∆−1(z1, θ+1 , θ
−
1 ), . . . ..,∆
−1(zn−1, θ+n−1, θ
−
n−1),∆
−1(0);(
Υ−1(B1/r00 ),Ξ0
)
,
(
∆−1(Br1z1 ), H1 ◦∆
)
, . . . ,(
∆−1(Brn−1zn−1), Hn−1 ◦∆
)
,
(
∆−1(Brn0 ), Hn ◦∆
))
,
where
(5.26) Ξ0|∆−1(Br0∞ ) = H0 ◦∆,
(5.27) (z1, θ
+
1 , θ
−
1 ), . . . ., (zn−1, θ
+
n−1, θ
−
n−1) ∈ (
∧0
∞)
× ⊕ (∧1∞)2,
(zj)B 6= (zk)B for j 6= k, r0, . . . , rn ∈ R+, and H0, . . . , Hn are N = 2 super-
conformal functions on Br0∞, Br1z1 ,. . . , B
rn−1
zn−1 , Brn0 , respectively, such that if we let
H0(w, ρ
+, ρ−) = (w˜0, ρ˜0+, ρ˜−0 ), then
(5.28) lim
w→∞H0(w, 0, 0) = 0, and limw→∞
∂
∂ρ+
wρ˜+0 = limw→∞
∂
∂ρ−
wρ˜−0 = i;
(5.29) Hj(zj , θ
+
j , θ
−
j ) = 0, and limw→zj
Hj(w, θ
+
j , θ
−
j )
w − zj ∈ (
∧0
∞)
× ⊕ (∧1∞)2,
for j = 1, . . . , n− 1; and
(5.30) Hn(0) = 0, and lim
w→0
Hn(w, 0, 0)
w
∈ (∧0∞)× ⊕ (∧1∞)2.
Proof. Let
(5.31) S = (S2Cˆ; p0, . . . , pn; (U0,Ω0), . . . , (Un,Ωn))
be an N = 2 super-Riemann sphere with 1 + n tubes. We will build in stages an
N = 2 superconformal transformation that sends S to an N = 2 super-Riemann
sphere with 1 + n tubes of the form given by the proposition.
If ∆(p0) has even coordinate equal to zero, let T1 : S
2Cˆ → S2Cˆ be given by
∆ ◦T1 ◦∆−1(w, ρ+, ρ−) = (T1)∆(w, ρ+, ρ−) = I(w, ρ+, ρ−) = (1/w, iρ+/w, iρ−/w).
Otherwise, p0 ∈ UΥ, and we take T1 to be the identity.
Now Υ ◦ T1(p0) = (u0, v+0 , v−0 ) for some (u0, v+0 , v−0 ) ∈
∧0
∞⊕(
∧1
∞)
2. Let T2 :
S2Cˆ → S2Cˆ be given by Υ ◦ T2 ◦ Υ−1(w, ρ+, ρ−) = (T2)Υ(w, ρ+, ρ−) = (w − u0 −
ρ+v−0 − ρ−v+0 , ρ+ − v+0 , ρ− − v−0 ).
Note that T2◦T1(pn) ∈ U∆; let ∆◦T2◦T1(pn) = (un, v+n , v−n ) and let T3 : S2Cˆ→
S2Cˆ be given by ∆ ◦ T3 ◦∆−1(w, ρ+, ρ−) = (T3)∆(w, ρ+, ρ−) = (w − un − ρ+v−n −
ρ−v+n , ρ
+ − v+n , ρ− − v−n ).
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Let T = T3 ◦ T2 ◦ T1. Then T (S) now has the outgoing puncture at Υ−1(0),
i.e., at infinity, and the last incoming puncture at ∆−1(0), i.e., at zero. Now we
need to fix information about the local coordinate vanishing at infinity. The local
coordinate at infinity is now given by Ω0 ◦ T−1. Let
Ω0 ◦ T−1 ◦∆−1(w, ρ+, ρ−) = (w˜, ρ˜+, ρ˜−).
Then
lim
w→∞
∂
∂ρ±
wρ˜± = ie±
uniquely determines e± ∈ (∧0∞)×. Let T4 : S2Cˆ → S2Cˆ be given by ∆ ◦ T4 ◦
∆−1(w, ρ+, ρ−) = (T4)∆(w, ρ+, ρ−) = ((e+e−)−1w, (e−)−1ρ+, (e+)−1ρ−).
Let F = T4 ◦ T . Then F is an N = 2 superconformal equivalence from S to
(5.32) (S2Cˆ; Υ−1(0),∆−1(z1, θ+1 , θ
−
1 ), . . . ..,∆
−1(zn−1, θ+n−1, θ
−
n−1),∆
−1(0);
(F (U0),Ω0 ◦ F−1), . . . , (F (Un),Ωn ◦ F−1))
where
(zj , θ
+
j , θ
−
j ) = ∆ ◦ F (pj),
for j = 1, . . . , n− 1. Choose r0, . . . , rn ∈ R+ such that
Br0∞ ⊂ ∆ ◦ F (U0)
Brjzj ⊂ ∆ ◦ F (Uj), j = 1, . . . , n− 1,
Brn0 ⊂ ∆ ◦ F (Un).
Then the N = 2 super-Riemann sphere with tubes (5.32) is N = 2 superconformally
equivalent to(
S2Cˆ; Υ−1(0),∆−1(z1, θ+1 , θ
−
1 ), . . . ,∆
−1(zn−1, θ+n−1, θ
−
n−1),∆
−1(0);(
∆−1(Br0∞) ∪Υ−1({0} × (
∧
∞)S),Ω0 ◦ F−1
)
,
(
∆−1(Br1z1 ),Ω1 ◦ F−1
)
, . . . ,(
∆−1(Brn−1zn−1),Ωn−2 ◦ F−1
)
,
(
∆−1(Brn0 ),Ωn ◦ F−1
))
where
H0 = Ω0 ◦ F−1 ◦∆−1
∣∣
Br0∞ ,
Hj = Ωj ◦ F−1 ◦∆−1
∣∣
Brjzj
, j = 1, . . . , n− 1,
Hn = Ωn ◦ F−1 ◦∆−1
∣∣
Brn0
satisfy (5.28), (5.29), and (5.30), respectively. 
An N = 2 super-Riemann sphere with 1+n tubes, for n ∈ Z+, of the form (5.25)
is called a canonical N = 2 supersphere with 1 + n tubes.
Remark 5.5. A canonical N = 2 supersphere with 1+ n tubes, for n ∈ Z+, is de-
termined by (z1, θ
+
1 , θ
−
1 ), . . . , (zn−1, θ
+
n−1, θ
−
n−1) ∈ (
∧0
∞)
× ⊕ (∧1∞)2, r0, . . . , rn ∈
R+ and N = 2 superconformal functions H0, . . . , Hn satisfying (5.28), (5.29),
and (5.30), respectively. Consider the N = 2 superconformal power series ob-
tained by expanding the superconformal functions H0, . . . , Hn around Υ
−1(0) =∞,
(z1, θ
+
1 , θ
−
1 ), . . . , (zn−1, θ
+
n−1, θ
−
n−1), and 0, respectively. For k = 0, . . . , n, we will
denote by Hk both the superconformal function Hk and its power series expan-
sion. Moreover, if H(w, ρ+, ρ−) = (w˜, ρ˜+, ρ˜−), then define H±(w, ρ+, ρ−) = ρ˜±.
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By the fact that a power series expansion about zero of an N = 2 superconformal
superfunction vanishing at zero must be of the form (3.18) – (3.19) and the power
series expansion about zero of an N = 2 superconformal superfunction vanishing
at infinity composed with I must also be of the form (3.18) – (3.19), by the con-
ditions (5.28), (5.29), and (5.30) and by the fact that the Hk’s are one-to-one as
superanalytic functions on their domains, we have
(5.33) ρ∓H±0 (w, ρ
+, ρ−) = ρ∓
(∑
j∈Z+
m
±,(0)
j− 12
w−j + ρ±
( i
w
+
∑
j∈Z+
a
±,(0)
j w
−j−1
))
,
(5.34) ρ∓H±k (w, ρ
+, ρ−) = ρ∓
(∑
j∈Z+
m
±,(k)
j− 12
wj + ρ±
∑
j∈N
a
±,(k)
j w
j
)∣∣∣∣
sk(w,ρ+,ρ−)
for k = 1, . . . , n, where (zn, θ
+
n , θ
−
n ) = 0, a
±,(k)
0 ∈ (
∧0
∞)
×, a±,(k)j ∈
∧0
∞, m
±,(k)
j− 12
∈∧1
∞, for j ∈ Z+, sk(w, ρ+, ρ−) = (w− zk−ρ+θ−k −ρ−θ+k , ρ+− θ+k , ρ−− θ−k ) and Hk
are superconformal according to (3.11) – (3.14). Then given Hk of the form (5.33),
and (5.34), respectively, that are superconformal and vanishing at the punctures
(at infinity for k = 0, at (zk, θ
+
k , θ
−
k ) for k = 1, . . . n − 1, and at zero for k = n),
these conditions uniquely determine the Hk’s by Remark 3.2.
Thus a canonical N = 2 supersphere with 1 + n tubes, for n ∈ Z+, can be
denoted by
(5.35) ((z1, θ
+
1 , θ
−
1 ), . . . , (zn−1, θ
+
n−1, θ
−
n−1); r0, . . . , rn;H0, . . . , Hn)
where H0, . . . , Hn are power series of the form (5.33) and (5.34), respectively, which
vanish at the punctures and satisfy the superconformal conditions (3.11) – (3.14).
Remark 5.6. From Remark 5.5 above, we can readily see that a point in the
moduli space of N = 2 super-Riemann spheres with 1+n tubes, for n ∈ Z+, will in
general depend on an infinite number of odd variables – the θ±1 , . . . , θ
±
n−1 and the
m
±,(k)
j−1/2 ∈
∧1
∞, for k = 0, . . . , n, and j ∈ Z+.
Proposition 5.7. Two canonical N = 2 superspheres with 1+n tubes, for n ∈ Z+,
(5.36) ((z1, θ
+
1 , θ
−
1 ), . . . , (zn−1, θ
+
n−1, θ
−
n−1); r0, . . . , rn;H0, . . . , Hn)
and
(5.37) ((zˆ1, θˆ
+
1 , θˆ
−
1 ), . . . , (zˆn−1, θˆ
+
n−1, θˆ
−
n−1); rˆ0, . . . , rˆn; Hˆ0, . . . , Hˆn)
are N = 2 superconformally equivalent if and only if (zj, θ
+
j , θ
−
j ) = (zˆj , θˆ
+
j , θˆ
−
j ) for
j = 1, . . . , n− 1, and Hj = Hˆj, for j = 0, . . . , n, as superconformal power series.
Proof. Let F be an N = 2 superconformal equivalence from (5.36) to (5.37). The
conclusion of the proposition is equivalent to the assertion that F must be the
identity map on S2Cˆ. By definition F is a superconformal automorphism of S2Cˆ,
i.e., an N = 2 superprojective transformation. Also by definition we have
(5.38) F∆(0) = ∆ ◦ F ◦∆−1(0) = 0,
(5.39) FΥ(0) = Υ ◦ F ◦Υ−1(0) = 0,
(5.40) Hˆ0|Bmin(r0,rˆ0)∞ = H0 ◦ F
−1
∆ |Bmin(r0,rˆ0)∞ .
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From (5.38) and (5.39) and the fact that F is a superprojective transformation, we
obtain
(5.41) F∆(w, ρ
+, ρ−) = (e+e−w, e+ρ+, e−ρ−)
for some e± ∈ (∧0∞)×. Let H0(w, ρ+, ρ−) = (w˜0, ρ˜+0 , ρ˜−0 ) and Hˆ0(w, ρ+, ρ−) =
(wˆ0, ρˆ
+
0 , ρˆ
−
0 ). From (5.28), we know that
lim
w→∞
∂
∂ρ±
wρ˜±0 (w, ρ
+, ρ−) = lim
w→∞
∂
∂ρ±
wρˆ±0 (w, ρ
+, ρ−) = i.
Thus by (5.40) and (5.41)
i = lim
w→∞
∂
∂ρ±
wρˆ±0 (w, ρ
+, ρ−) = lim
w→∞
∂
∂ρ±
w(H0 ◦ F−1∆ )±(w, ρ+, ρ−)
= lim
w→∞
∂
∂ρ±
wρ˜±0
( w
e+e−
,
ρ+
e+
,
ρ−
e−
)
=
i
e±
,
i.e., e± = 1. Thus F must be the identity map of S2Cˆ. 
For N = 2 super-Riemann spheres with one tube, we have:
Proposition 5.8. Any N = 2 super-Riemann sphere with one tube is superconfor-
mally equivalent to an N = 2 super-Riemann sphere with one tube of the form
(5.42)
(
S2Cˆ; Υ−1(0); (Υ−1(B1/r0 ),Ξ)
)
where Ξ|(∆−1(Br∞) = H ◦∆, and H(w, ρ+, ρ−) = (w˜, ρ˜+, ρ˜−) satisfies
lim
w→∞H(w, 0, 0) = 0(5.43)
lim
w→∞
∂
∂ρ+
wρ˜+ = lim
w→∞
∂
∂ρ−
wρ˜− = i(5.44)
lim
w→∞w
2(w˜(w, 0, 0)− w−1) = lim
w→∞wρ˜
±(w, 0, 0) = 0.(5.45)
These conditions are equivalent to the condition that H can be expanded in a power
series about infinity of the form (5.33) with a
+,(0)
1 = −a−,(0)1 and m±,(0)1/2 = 0.
Proof. Given an N = 2 super-Riemann sphere with one tube,
(5.46) S = (S2Cˆ; p; (U,Ω)),
if ∆(p) has even coordinate equal to zero, let T1 : S
2Cˆ → S2Cˆ be given by ∆ ◦
T1 ◦ ∆−1(w, ρ+, ρ−) = (T1)∆(w, ρ+, ρ−) = I(w, ρ+, ρ−) = (1/w, iρ+/w, iρ−/w).
Otherwise, p ∈ UΥ, and we take T1 to be the identity.
Now Υ◦T1(p) = (u, v+, v−) for some (u, v+, v−) ∈
∧0
∞⊕(
∧1
∞)
2. Let T2 : S
2Cˆ→
S2Cˆ be given by Υ ◦ T2 ◦ Υ−1(w, ρ+, ρ−) = (T2)Υ(w, ρ+, ρ−) = (w − u − ρ+v− −
ρ−v+, ρ+ − v+, ρ− − v−).
Let T = T2 ◦ T1. Then T (S) now has the outgoing puncture at Υ−1(0), i.e., at
infinity. Now we need to fix certain properties of the local coordinate vanishing at
infinity. The local coordinate at infinity is now given by Ω ◦ T−1. Let
Ω ◦ T−1 ◦∆−1(w, ρ+, ρ−) = (w˜, ρ˜+, ρ˜−).
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Then
lim
w→∞
∂
∂ρ±
wρ˜± = ie±
uniquely determines e± ∈ (∧0∞)×. Let T3 : S2Cˆ → S2Cˆ be given by ∆ ◦ T3 ◦
∆−1(w, ρ+, ρ−) = (T3)∆(w, ρ+, ρ−) = ((e+e−)−1w, (e−)−1ρ+, (e+)−1ρ−).
Let F = T3 ◦ T . Then F is an N = 2 superconformal equivalence from S to
(5.47) (S2Cˆ; Υ−1(0); (F (U),Ω ◦ F−1))
and Ω◦F−1 ◦∆−1 = H0 where H0 satisfies (5.28), i.e., has a power series expansion
of the form (5.33). Let H0(w, ρ
+, ρ−) = (w˜0, ρ˜+0 , ρ˜
−
0 ). Then
lim
w→∞w
2(w˜0(w, 0, 0)− w−1) = a(5.48)
lim
w→∞wρ˜
±
0 (w, 0, 0) = m
±(5.49)
uniquely determine a ∈ ∧0∞ and m± ∈ ∧1∞. Let (T4)∆(w, ρ+, ρ−) = (w − a −
iρ+m−− iρ−m+,−im++ρ+,−im−+ρ−). Then H = Ω◦F−1 ◦T−14 ◦∆−1 satisfies
conditions (5.43) - (5.45), and there exists some r ∈ R+ such that H is convergent
in Br∞. Thus T4 ◦ F is an N = 2 superconformal equivalence from S to an N = 2
super-Riemann sphere with one tube of the required form. 
An N = 2 super-Riemann sphere with one tube of the form (5.42) is called a
canonical N = 2 supersphere with one tube. A canonical N = 2 supersphere with
one tube is determined by r ∈ R+ and an N = 2 superconformal power series H
satisfying (5.43) – (5.45) (or equivalently of the form (5.33) with a
+,(0)
1 = −a−,(0)1
and m
±,(0)
1/2 = 0), and can be denoted by (r;H). The following proposition can be
proved similarly to Proposition 5.7.
Proposition 5.9. Two canonical N = 2 superspheres with one tube (r;H) and
(rˆ; Hˆ) are N = 2 superconformally equivalent if and only if H = Hˆ.
From Propositions 5.4, 5.7, 5.8, and 5.9 we have the following theorem:
Theorem 5.10. There is a bijection between the set of canonical N = 2 super-
spheres with tubes and the moduli space of N = 2 super-Riemann spheres with tubes.
In particular, the moduli space of N = 2 super-Riemann spheres with 1+n tubes, for
n ∈ Z+, can be identified with all (3n+n)-tuples ((z1, θ+1 , θ−1 ), . . . , (zn−1, θ+n−1, θ−n−1);
H0, . . . , Hn) satisfying (zj, θ
+
j , θ
−
j ) ∈ (
∧0
∞)
×⊕ (∧1∞)2, with (zj)B 6= (zk)B if j 6= k,
for j, k = 1, . . . , n− 1, and such that H0, . . . , Hn vanish at the corresponding punc-
tures, are of the form (5.33) and (5.34), respectively, and are absolutely convergent
in neighborhoods of∞, (z1, θ+1 , θ−1 ), . . . , (zn−1, θ+n−1, θ−n−1), and 0, respectively. The
moduli space of N = 2 super-Riemann spheres with one tube can be identified with
the set of all power series H0 of the form (5.33) such that a
+,(0)
1 = −a−,(0)1 and
m
±,(0)
1/2 = 0 and such that H0 vanishes at infinity and is absolutely convergent in a
neighborhood of infinity.
6. Infinitesimal N = 2 superconformal transformations
In this section, we develop a formal theory of infinitesimal N = 2 superconformal
transformations based on a representation of the N = 2 Neveu-Schwarz algebra
of superconformal symmetries in terms of superderivations. The material in this
section is algebraic and independent of the supergeometry studied in the previous
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sections. However, the results of this section do of course have geometric motivation
and meaning, and will be applied to the supergeometric setting in Section 8.
First we recall two generalizations of the “automorphism property” from [FLM]
and develop a formal supercalculus of N = 2 superconformal power series. Then
using formal exponentiation, we characterize certain formal superconformal local
coordinate maps in terms of exponentials of superderivations with infinitely many
formal variable coefficients.
An expression of the form ex denotes the formal exponential series in x. In
the proof of Propositions 6.4, 6.11 and 6.19, we will need the following proposition
which is a generalization of the “automorphism property” of [FLM] and was proved
by the author in [B4].
Proposition 6.1. ([B4]) Let A be a superalgebra; let h ∈ A0; let u, v ∈ A; let
T ∈ (Der A)0; and let y be a formal variable commuting with A. Then
ey(h+T ) · (uv) = (eyT · u)(ey(h+T ) · v)(6.1)
= (ey(h+T ) · u)(eyT · v).
Let R be a superalgebra over C (with identity). Let x be a formal variable which
commutes with all elements of R, and let ϕ± be formal variables which commute
with x and elements of R0 and anti-commute with elements of R1, themselves
and each other. In general, we will use the term even formal variable to denote
a formal variable which commutes with all formal variables and with all elements
in any coefficient algebra. We will use the term odd formal variable to denote a
formal variable which anti-commutes with all odd elements and commutes with all
even elements in any coefficient algebra, and in addition, odd formal variables will
all anti-commute with each other. Consequently, an odd formal variable has the
property that its square is zero.
For a vector space V , and for even formal variables x1, x2,. . . , and odd formal
variables ϕ1, ϕ2,. . . , consider the spaces
V [[x1, . . . , xn]][ϕ1, . . . , ϕm]
=
{ ∑
k1, . . . , kn ∈ N
l1, . . . , lm ∈ Z2
ak1,...,kn,l1,...,lmx
k1
1 · · ·xknn ϕl11 · · ·ϕlmm
∣∣∣ ak1,...,kn,l1,...,lm ∈ V }
and
V ((x))[ϕ+, ϕ−] =
{ ∞∑
n=N
anx
n + ϕ+
∞∑
n=N
bnx
n + ϕ−
∞∑
n=N
cnx
n
∣∣∣ N ∈ Z,
an, bn, cn ∈ V
}
⊂ V [[x, x−1]][ϕ+, ϕ−].
Then R((x))[ϕ+, ϕ−] is a superalgebra as is R((x−1))[ϕ+, ϕ−] with Z2-grading given
by
R((x))[ϕ+, ϕ−]0 = R0((x)) ⊕ ϕ+R1((x)) ⊕ ϕ−R1((x)) ⊕ ϕ+ϕ−R0((x))
R((x))[ϕ+, ϕ−]1 = R1((x)) ⊕ ϕ+R0((x)) ⊕ ϕ−R0((x)) ⊕ ϕ+ϕ−R1((x)),
and similarly for R((x−1))[ϕ+, ϕ−] and R[[x−1, x]][ϕ+, ϕ−].
Define
(6.2) D± =
∂
∂ϕ±
+ ϕ∓
∂
∂x
.
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ThenD± are odd derivations in Der(R((x))[ϕ+, ϕ−]) and in Der(R((x−1))[ϕ+, ϕ−]).
Furthermore, D+ and D− satisfy the super-Leibniz rule (2.2) for the product of
any two elements in R[[x, x−1]][ϕ+, ϕ−] if that product is well defined. Note that
(D±)2 = 0 and [D+, D−] = D+D− +D−D+ = 2
∂
∂x
.
A superanalytic (1, 2)-superfunction H(z, θ+, θ−) from a DeWitt open set in
(
∧0
∗>0⊕(
∧1
∗>0)
2) to (
∧0
∗>0⊕(
∧1
∗>0)
2) has a Laurent expansion about z and θ±
which is an element of (
∧0
∗>0⊕(
∧1
∗>0)
2)[[z, z−1]][θ+, θ−]. Taking a general coeffi-
cient superalgebraR, we can write a corresponding formal superfunction in one even
formal variable and two odd formal variables over R as H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−)
with
x˜ = f(x) + ϕ+ξ+(x) + ϕ−ξ−(x) + ϕ+ϕ−f+,−(x)
ϕ˜+ = ψ+(x) + ϕ+g+(x) + ϕ−h−(x) + ϕ+ϕ−φ+(x)
ϕ˜− = ψ−(x) + ϕ+h+(x) + ϕ−g−(x) + ϕ+ϕ−φ−(x)
where x˜ ∈ R[[x, x−1]][ϕ+, ϕ−]0 and ϕ˜± ∈ R[[x, x−1]][ϕ+, ϕ−]1, i.e., where f(x),
f+,−(x), g±(x), h±(x) ∈ R0[[x, x−1]], and ξ±(x), ψ±(x), φ±(x) ∈ R1[[x, x−1]].
In Section 3, the operators D± = ∂∂θ± + θ
∓ ∂
∂z were used to define the notion of
N = 2 superconformal (1, 2)-superfunction over
∧
∗>0 which is a (
∧0
∗>0⊕(
∧1
∗>0)
2)-
valued superanalytic (1, 2)-function with the condition that it transform D+ and
D− homogeneously of degree one. This is equivalent to the conditions (3.11) –
(3.15). Thus formally, we define a series
H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) ∈ R[[x, x−1]][ϕ+, ϕ−]0 ⊕ (R[[x, x−1]][ϕ+, ϕ−]1)2
to be formally N = 2 superconformal if
x˜ = f(x) + ϕ+g+(x)ψ−(x) + ϕ−g−(x)ψ+(x) + ϕ+ϕ−(ψ+(x)ψ−(x))′(6.3)
ϕ˜+ = ψ+(x) + ϕ+g+(x) + ϕ+ϕ−(ψ+)′(x)(6.4)
ϕ˜− = ψ−(x) + ϕ−g−(x)− ϕ+ϕ−(ψ−)′(x)(6.5)
and
(6.6) f ′(x) = (ψ+)′(x)ψ−(x)− ψ+(x)(ψ−)′(x) + g+(x)g−(x),
with
g+(x) + (ψ+)′(x) ≡/ 0 and g−(x) + (ψ−)′(x) ≡/ 0.(6.7)
Therefore in general a formalN = 2 superconformal series is uniquely determined
by three even formal series, f(x) and g±(x), and two odd formal series ψ±(x)
satisfying the conditions (6.6) and (6.7).
We also note that for H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−), the conditions (6.3) – (6.6)
are equivalent to the conditions
(6.8) D+ϕ˜− = D−ϕ˜+ = D+x˜− ϕ˜−D+ϕ˜+ = D−x˜− ϕ˜+D−ϕ˜− = 0
and the conditions (6.7) are equivalent to the series D+ϕ˜+ and D−ϕ˜− not being
identically zero.
In Section 5, we began the study of the moduli space of N = 2 super-Riemann
spheres with punctures and local superconformal coordinates vanishing at the punc-
tures. The punctures on an N = 2 super-Riemann sphere with tubes over
∧
∞ can
be thought of as being at 0 ∈ ∧0∞⊕(∧1∞)2, a non-zero point in ∧0∞⊕(∧1∞)2, or
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at ∞. Since we can always shift a non-zero point in ∧0∞⊕(∧1∞)2 to zero, all local
superconformal coordinates vanishing at the punctures can be expressed as power
series vanishing at zero or infinity. Thus we want to study in more detail certain for-
mal N = 2 superconformal power series H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) with x˜, ϕ˜± ∈
(xR[[x]]⊕ϕ+R[[x]][ϕ−]⊕ϕ−R[[x]]) ⊂ R[[x]][ϕ+, ϕ−] or in x−1R[[x−1]][ϕ+, ϕ−] since
these will include the formal N = 2 superconformal coordinates over a superalgebra
R vanishing at (x, ϕ+, ϕ−) = 0 and (x, ϕ+, ϕ−) = (∞, 0, 0), respectively.
First in order to characterize formal N = 2 superconformal functions corre-
sponding to N = 2 superconformal local coordinates invertible in a neighborhood
of zero, and vanishing at zero, we note that such an H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−)
with x˜, ϕ˜± ∈ (xR[[x]] ⊕ ϕ+R[[x]][ϕ−] ⊕ ϕ−R[[x]]) is uniquely determined by even
formal power series g±(x) and odd formal power series ψ±(x) satisfying ψ±(0) = 0
and g±(0) ∈ (R0)×, where f is uniquely determined by (6.6) since f(0) = 0, and
where (R0)× denotes the invertible elements of R0. Thus an N = 2 superconformal
formal power series invertible in a neighborhood of zero and vanishing at zero is
uniquely determined by
g±(x) =
∑
j∈N
a±j x
j , for a±j ∈ R0 and a±0 ∈ (R0)×(6.9)
ψ±(x) =
∑
j∈Z+
m±
j− 12
xj , for m±
j− 12
∈ R1,(6.10)
and has the form (6.3) – (6.5). Explicitly, then we have that if H(x, ϕ+, ϕ−) =
(x˜, ϕ˜+, ϕ˜−) is formal N = 2 superconformal and invertible in a neighborhood of
zero and vanishing at zero, then x˜, ϕ˜± are of the form (3.18) and (3.19), respectively,
with (z, θ+, θ−) = (x, ϕ+, ϕ−).
Let H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) be an N = 2 superconformal invertible formal
power series vanishing at zero with the coefficient of the ϕ± terms in ϕ˜±, respec-
tively, equal to one, i.e, such that H satisfies
(6.11)
∂
∂ϕ±
ϕ˜±
∣∣∣
(x,ϕ+,ϕ−)=(0,0,0)
= 1.
Then H is uniquely determined by
ϕ∓ϕ˜± = ϕ∓

ϕ± + ∑
j∈Z+
(
m±
j− 12
xj + ϕ±a±j x
j
)(6.12)
= ϕ∓(ψ±(x) + ϕ±g±(x)).
See Remark 3.2.
We wish to express any such H in terms of a formal exponential of an infinite
sum of certain superderivations. For any two even formal series g±(x) ∈ R0[[x]]
with constant term equal to one, and any two odd formal series ψ±(x) ∈ xR1[[x]],
we first express ϕ∓(ψ±(x) + g±(x)) ∈ ϕ∓R[[x]][ϕ±] in terms of ϕ∓ times the ex-
ponential of an infinite sum of superderivations in Der(R((x))[ϕ+, ϕ−]) acting on
ϕ±, respectively. Then we prove that this exponential of superderivations acting
on (x, ϕ+, ϕ−) is in fact N = 2 superconformal with the coefficient of the ϕ± term
in ϕ˜± equal to one, respectively, and that there is a one-to-one correspondence be-
tween such exponential expressions and formal N = 2 superconformal power series
in R[[x]][ϕ+, ϕ−] vanishing at (x, ϕ+, ϕ−) = 0 with coefficient of ϕ± in ϕ˜± equal to
one.
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Let A±j , for j ∈ Z+, be even formal variables, and letM±j−1/2, for j ∈ Z+, be odd
formal variables. Let A± = {A±j }j∈Z+ and M± = {M±j−1/2}j∈Z+ , and consider
the Q-superalgebra Q[A+,A−,M+,M−] of polynomials in the formal variables
A±1 ,A±2 , . . . and M±1/2,M±3/2, . . . . Consider the even superderivations
Lj(x, ϕ
+, ϕ−) = −
(
xj+1
∂
∂x
+
(j + 1
2
)
xj
(
ϕ+
∂
∂ϕ+
+ ϕ−
∂
∂ϕ−
))
(6.13)
Jj(x, ϕ
+, ϕ−) = −xj
(
ϕ+
∂
∂ϕ+
− ϕ− ∂
∂ϕ−
)
(6.14)
and the odd superderivations
G±
j− 12
(x, ϕ+, ϕ−) = −
(
xj
( ∂
∂ϕ±
− ϕ∓ ∂
∂x
)
± jxj−1ϕ+ϕ− ∂
∂ϕ±
)
(6.15)
in Der(R[[x, x−1]][ϕ+, ϕ−]), for j ∈ Z. We define the sequences
E0,±(A+,A−,M+,M−) = {E±j (A+,A−,M+,M−)}j∈Z+(6.16)
E1,±(A+,A−,M+,M−) = {E±
j− 12
(A+,A−,M+,M−)}
j∈Z+(6.17)
of even and odd elements, respectively, in Q[A+,A−,M+,M−] by
(6.18)
ϕ∓
(
ϕ± +
∑
j∈Z+
(
E±
j− 12
(A+,A−,M+,M−)xj + ϕ±E±j (A+,A−,M+,M−)xj
))
= ϕ∓ exp
(
−
∑
j∈Z+
(
A+j Lj(x, ϕ+, ϕ−) +A−j Jj(x, ϕ+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
· ϕ±.
As usual, “exp” denotes the formal exponential series, when it is defined, as it is in
the case of the above exponential of superderivations in
Der (Q[A+,A−,M+,M−][[x]][ϕ+, ϕ−]).
The reason for the ϕ∓ multiplier in (6.18), is that we are in fact uniquely defining
two series
ψ±(x) + ϕ±g±(x)
= ϕ± +
∑
j∈Z+
(
E±
j− 12
(A+,A−,M+,M−)xj + ϕ±E±j (A+,A−,M+,M−)xj
)
in Q[A+,A−,M+,M−][[x]][ϕ±], respectively, by means of ϕ∓ times certain series
in Q[A+,A−,M+,M−][[x]][ϕ+, ϕ−] (cf. Remark 3.2).
Let (R0)∞ be the set of all sequences {Aj}j∈Z+ of even elements in R, let (R1)∞
be the set of all sequences {Mj−1/2}j∈Z+ of odd elements in R, and let R∞ =
(R0)∞ ⊕ (R1)∞. Given any
(A+, A−,M+,M−) =
({A+j }j∈Z+ , {A−j }j∈Z+ , {M+j− 12 }j∈Z+ , {M−j− 12 }j∈Z+)
=
{
(A+j , A
−
j ,M
+
j− 12
,M−
j− 12
)
}
j∈Z+ ∈ (R
∞)2,
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since the E±j (A+,A−,M+,M−) are in Q[A+,A−,M+,M−], for j ∈ 12Z+, we
have a well-defined sequence
E(A+, A−,M+,M−) = (E0,+(A+, A−,M+,M−), E0,−(A+, A−,M+,M−),
E1,+(A+, A−,M+,M−), E1,−(A+, A−,M+,M−))
in (R∞)2 by substituting A+, A−, M+ and M− into E0,±(A+,A−,M+,M−) and
E1,±(A+,A−,M+,M−), respectively. This defines a map
E : (R∞)2 −→ (R∞)2
(A+, A−,M+,M−) 7→ E(A+, A−,M+,M−).
Proposition 6.2. The map E is a bijection. In particular, E has an inverse E−1.
Proof. Define the following grading by weight on Q[x, ϕ+, ϕ−,A+,A−,M+,M−]:
For j ∈ Z+,
wt xj = j wt ϕ± = 12
wt A±j = −j wtM±j− 12 = −j +
1
2
wt c = 0 for c ∈ Q.
Note that extending this grading of Q[x, ϕ+, ϕ−,A+,A−,M+,M−] to derivations
on Q[x, ϕ+, ϕ−,A+,A−,M+,M−], we have that wt ∂∂x = −1 and wt ∂∂ϕ± = − 12 .
Thus letting
(6.19) T = −
∑
j∈Z+
(
A+j Lj(x, ϕ+, ϕ−) +A−j Jj(x, ϕ+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
)
we have wt T = 0. Therefore, eT · ϕ± are both homogeneous of weight 1/2 in
Q[A+,A−,M+,M−][[x]][ϕ+, ϕ−].
Note that
ϕ∓eT · ϕ±
= ϕ∓
(
ϕ± + T ϕ± + 1
2
T 2ϕ± + 1
3!
T 3ϕ± + · · ·
)
= ϕ∓
(
ϕ± +
∑
j∈Z+
((j + 1
2
)
A+j ϕ±xj ±A−j ϕ±xj +M±j− 12x
j
±jM∓
j− 12
ϕ+ϕ−xj−1
)
+
1
2
T 2ϕ± + 1
3!
T 3ϕ± + · · ·
)
= ϕ∓
(
ϕ± +
∑
j∈Z+
((j + 1
2
)
A+j ϕ±xj ±A−j ϕ±xj +M±j− 12x
j
)
+
1
2
T 2ϕ±
+
1
3!
T 3ϕ± + · · ·
)
where any term in T kϕ± has order k in the A±j ’s and M±j− 12 ’s.
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Thus by the definition of E±k (A+,A−,M+,M−), for k ∈ 12Z+ given by (6.18),
we see that, for j ∈ Z+,
(6.20) E±j (A+,A−,M+,M−) =
j + 1
2
A+j ±A−j + r±j (A+,A−,M+,M−),
and
(6.21) E±
j− 12
(A+,A−,M+,M−) =M±
j− 12
+ r±
j− 12
(A+,A−,M+,M−)
where r±k (A+,A−,M+,M−) ∈ Q[A+,A−,M+,M−] is homogeneous of weight −k
for k ∈ 12Z+ and only involves terms of degree at least two in the A±l ’s andM±l− 12 ’s
for l ∈ Z+. Therefore r±k must involve only A±l ’s and M±l− 12 ’s of weight strictly
greater than k. That is
(6.22) r±j (A+,A−,M+,M−) = r±j (A+1 , . . . ,A+j−1,A−1 , . . . ,A−j−1,M+1
2
, . . . ,
M+
j− 12
,M−1
2
, . . . ,M−
j− 12
)
is in
Q[A+1 , . . . ,A+j−1,A−1 , . . . ,A−j−1,M+1
2
, . . . ,M+
j− 12
,M−1
2
, . . . ,M−
j− 12
],
and
(6.23) r±
j− 12
(A+,A−,M+,M−) = r±
j− 12
(A+1 , . . . ,A+j−1,A−1 , . . . ,A−j−1,M+1
2
,
. . . ,M+
j− 32
,M−1
2
, . . . ,M−
j− 32
)
is in
Q[A+1 , . . . ,A+j−1,A−1 , . . . ,A−j−1,M+1
2
, . . . ,M+
j− 32
,M−1
2
, . . . ,M−
j− 32
].
Given (a+, a−,m+,m−) ∈ (R∞)2 consider the infinite system of equations
E±j (A
+, A−,M+,M−) = a±j(6.24)
E±
j− 12
(A+, A−,M+,M−) = m±
j− 12
(6.25)
for the unknown sequence (A+, A−,M+,M−) ∈ (R∞)2. This system of equations
is equivalent to
1
j + 1
(
a+j + a
−
j
)
=
1
j + 1
(
E+j (A
+, A−,M+,M−) + E−j (A
+, A−,M+,M−)
)
= A+j +
1
j + 1
(
r+j (A
+, A−,M+,M−) + r−j (A
+, A−,M+,M−)
)
1
2
(
a+j − a−j
)
=
1
2
(
E+j (A
+, A−,M+,M−)− E−j (A+, A−,M+,M−)
)
= A−j +
1
2
(
r+j (A
+, A−,M+,M−)− r−j (A+, A−,M+,M−)
)
m±
j− 12
= E±
j− 12
(A+, A−,M+,M−)
= M±
j− 12
+ r±
j− 12
(A+, A−,M+,M−)
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i.e.,
1
j + 1
(
a+j + a
−
j
)
= A+j + p
+
j (A
+, A−,M+,M−)(6.26)
1
2
(
a+j − a−j
)
= A−j + p
−
j (A
+, A−,M+,M−)(6.27)
m±
j− 12
= M±
j− 12
+ r±
j− 12
(A+, A−,M+,M−),(6.28)
where p±j and r
±
j− 12
only depend on A±k ’s for k < j and on M
±
k− 12
’s for k = j
and k < j, respectively. Thus we can determine (A+, A−,M+,M−) in terms of
(a+, a−,m+,m−) by determining M±1
2
, then A±1 , then M
±
3
2
, then A±2 , etc. That is,
we determine the A±j ’s and M
±
j− 12
in order of weight. It follows that the system of
equations (6.26) – (6.28) (and thus the system of equations (6.24) and (6.25)) has
a unique solution
(A+, A−,M+,M−)(6.29)
= E−1(a+, a−,m+,m−)
=
(
(E−1)0,+(a+, a−,m+,m−), (E−1)0,−(a+, a−,m+,m−),
(E−1)1,+(a+, a−,m+,m−), (E−1)1,−(a+, a−,m+,m−)
)
.
The proposition follows immediately. 
Corollary 6.3. For any two formal power series in R1[[x]]⊕ϕ±R0[[x]], respectively,
of the form
(6.30) ψ±(x) + ϕ±g±(x) = ϕ± +
∑
j∈Z+
(
m±
j− 12
xj + ϕ±a±j x
j
)
we have
ϕ∓(ψ±(x) + ϕ±g±(x))(6.31)
= ϕ∓ exp
(
−
∑
j∈Z+
(
(E−1)+j (a
+, a−,m+,m−)Lj(x, ϕ+, ϕ−)
+(E−1)−j (a
+, a−,m+,m−)Jj(x, ϕ+, ϕ−)
+(E−1)+
j− 12
(a+, a−,m+,m−)G+
j− 12
(x, ϕ+, ϕ−)
+(E−1)−
j− 12
(a+, a−,m+,m−)G−
j− 12
(x, ϕ+, ϕ−)
))
· ϕ±.
Proof. Using equation (6.18) and the fact that E is a bijection, we have
ϕ∓(ψ±(x) + ϕ±g±(x))
= ϕ∓
(
ϕ± +
∑
j∈Z+
(
m±
j− 12
xj + ϕ±a±j x
j
))
= ϕ∓
(
ϕ± +
∑
j∈Z+
E±
j− 12
(E−1(a+, a−,m+,m−))xj
+ϕ±E±j (E
−1(a+, a−,m+,m−))xj
)
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= ϕ∓ exp
(
−
∑
j∈Z+
(
(E−1)+j (a
+, a−,m+,m−)Lj(x, ϕ+, ϕ−)
+(E−1)−j (a
+, a−,m+,m−)Jj(x, ϕ+, ϕ−)
+(E−1)+
j− 1
2
(a+, a−,m+,m−)G+
j− 1
2
(x, ϕ+, ϕ−)
+(E−1)−
j− 12
(a+, a−,m+,m−)G−
j− 12
(x, ϕ+, ϕ−)
))
· ϕ±.

Proposition 6.4. Let R be a superalgebra and
(A+, A−,M+,M−) = {(A+j , A−j ,M+j−1/2,M−j−1/2)}j∈Z+ ∈ (R∞)2.
Then
(6.32) H(x, ϕ+, ϕ−) = exp
(
−
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−) +A−j Jj(x, ϕ
+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
· (x, ϕ+, ϕ−)
is N = 2 superconformal and is the unique formal N = 2 superconformal power
series H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) vanishing at zero satisfying
(6.33)
∂
∂ϕ±
ϕ˜±
∣∣∣
(x,ϕ+,ϕ−)=(0,0,0)
= 1
such that
(6.34) ϕ∓ϕ˜± = ϕ∓
(
ϕ± +
∑
j∈Z+
(
E±
j− 12
(A+, A−,M+,M−)xj
+ ϕ±E±j (A
+, A−,M+,M−)xj
))
.
Proof. Let
(6.35) T = −
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−) +A−j Jj(x, ϕ
+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
)
.
Then T ∈ (Der(R[[x]][ϕ+, ϕ−]))0, i.e., T is even, and thus
eT · (x, ϕ+, ϕ−) = (eT · x, eT · ϕ+, eT · ϕ−)
is in (R[[x]][ϕ+, ϕ−])0 ⊕ (R[[x]][ϕ+, ϕ−])1 ⊕ (R[[x]][ϕ+, ϕ−])1. Let
h±(x, ϕ+, ϕ−) =
∑
j∈Z+
((
A+j
( j + 1
2
)
±A−j
)
(xj ∓ jxj−1ϕ+ϕ−)− 2M±
j− 12
jxj−1ϕ∓
)
.
Then h± ∈ (R[[x]][ϕ+, ϕ−])0, i.e., h± is even, and we have
(6.36) [D±, T ] = h±(x, ϕ+, ϕ−)D±.
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Thus
(6.37) D±eT · x = e(h±+T ) ·D± · x = e(h±+T ) · ϕ∓.
By Proposition 6.1,
(6.38) ey(h
±+T ) · ϕ∓ = ey(h±+T ) · (ϕ∓1) = (eyT · ϕ∓) (ey(h±+T ) · 1).
But in this case, the coefficient of yn for a fixed n ∈ N has terms with powers of
x greater than or equal to n− 1. Thus we can set y = 1, and each power series in
equation (6.38) has only a finite number of xj terms for a given j ∈ N, i.e., each
term is a well-defined power series in x. Therefore
(6.39) e(h
±+T ) · ϕ∓ = (eT · ϕ∓) (e(h±+T ) · 1).
Thus writing H(x, ϕ+, ϕ−) = (eT · x, eT · ϕ+, eT · ϕ−) = (x˜, ϕ˜+, ϕ˜−), we have
D±x˜ = e(h
±+T ) · ϕ∓ = (eT · ϕ∓) (e(h±+T ) · 1)(6.40)
=
(
eT · ϕ∓) (e(h±+T ) ·D± · ϕ±) = (eT · ϕ∓) (D±eT · ϕ±)
= ϕ˜∓D±ϕ˜±.
In addition,
(6.41) D±ϕ˜∓ = D±eT · ϕ∓ = e(h±+T ) ·D± · ϕ∓ = 0.
Thus H satisfies the N = 2 superconformal conditions (6.8).
The uniqueness follows from Proposition 6.2, and the fact that H is uniquely
determined by ϕ∓ϕ˜± and the fact that x˜(0, 0, 0) = 0. 
Remark 6.5. That T as defined by (6.35) is an even superderivation is due to the
fact that T exists in the R-envelope of Der(C[[x]][ϕ+, ϕ−]); see Remark 2.1. This
fact is crucial for the development of the moduli space of N = 2 super-Riemann
spheres with tubes in terms of exponentials of infinitesimal N = 2 superconformal
transformations following [H2] and [B4]. It means that we are working in the
envelope of a Lie superalgebra which, by definition, is an ordinary Lie algebra.
Now we would like to include in our study of formal N = 2 superconformal power
series vanishing at zero, those with the coefficients of ϕ± in ϕ˜±, respectively, equal
to an invertible even element of R but not necessarily equal to one.
For b ∈ (R0)×, we define the linear operators b2x ∂∂x and bϕ
± ∂
∂ϕ± from R[x, x−1,
ϕ+, ϕ−] to itself by
b2x
∂
∂x · c(ϕ+)j+(ϕ−)j−xk = c(ϕ+)j+(ϕ−)j−b2kxk(6.42)
b
ϕ± ∂
∂ϕ± · c(ϕ+)j+(ϕ−)j−xk = cbj±(ϕ+)j+(ϕ−)j−xk(6.43)
for c ∈ R, j± ∈ Z2, and k ∈ Z. Then, recalling the notation (6.13) and (6.14), the
operators
b−2L0(x,ϕ
+,ϕ−) = b
“
2x ∂∂x+
“
ϕ+ ∂
∂ϕ+
+ϕ− ∂
∂ϕ−
””
= b2x
∂
∂x b
ϕ+ ∂
∂ϕ+ b
ϕ− ∂
∂ϕ−(6.44)
b−J0(x,ϕ
+,ϕ−) = b
“
ϕ+ ∂
∂ϕ+
−ϕ− ∂
∂ϕ−
”
= b
ϕ+ ∂
∂ϕ+ b
−ϕ− ∂
∂ϕ−(6.45)
are well-defined linear operators on R[x, x−1, ϕ+, ϕ−]. These operators can be
extended to operators on R[[x, x−1]][ϕ+, ϕ−] in the obvious way. We note that
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for any formal series H(x, ϕ+, ϕ−) ∈ R[[x, x−1]][ϕ+, ϕ−], we have
a−2L0(x,ϕ
+,ϕ−) · b−J0(x,ϕ+,ϕ−) ·H(x, ϕ+, ϕ−)(6.46)
= H(a−2L0(x,ϕ
+,ϕ−) · b−J0(x,ϕ+,ϕ−) · (x, ϕ+ϕ−))
= H(a2x, abϕ+, ab−1ϕ−).
If H is of the form (6.32), in order for H(a2x, abϕ+, ab−1ϕ−) to correspond to
an invertible local coordinate chart vanishing at zero, we must have a ∈ (R0)×, i.e.,
a must be an invertible even element of the underlying superalgebra R.
Remark 6.6. One might wonder why we choose the slightly strange looking ex-
pressions a2x
∂
∂x and a−2L0(x,ϕ
+,ϕ−) rather than ax
∂
∂x and a−L0(x,ϕ
+,ϕ−), for a ∈
(R0)×. The reason is that for a ∈ (R0)×, we have a−L0(x,ϕ+,ϕ−) ·H(x, ϕ+, ϕ−) =
H(ax,
√
aϕ+,
√
a
−1
ϕ−), where (
√
a)2 = a. This forces one to define a square root
on (R0)×, which is equivalent to choosing a branch cut for the complex logarithm
when R =
∧
∗. However, it is more natural to give
√
a = a′, an invertible even
element of R, as the basic data avoiding the need to keep track of a well-defined
square root on (R0)×. With this in mind, we note that the operator a−2L0(x,ϕ
+,ϕ−)
should not be read as (a2)−L0(x,ϕ) but as a
“
2x ∂∂x+
“
ϕ+ ∂
∂ϕ+
+ϕ− ∂
∂ϕ−
””
thus retaining
the basic data a rather than just a2.
Proposition 6.7. Let a, b ∈ (R0)×. Then
(6.47) a−2L0(x,ϕ
+,ϕ−) · b−J0(x,ϕ+,ϕ−) · (x, ϕ+, ϕ−) = (a2x, abϕ+, ab−1ϕ−)
is N = 2 superconformal.
Proof. Writing
(
a2x, abϕ+, ab−1ϕ−
)
= (x˜, ϕ˜+, ϕ˜−), we have that
D−ϕ˜+ = D+ϕ˜− = 0
D+x˜− ϕ˜−D+ϕ˜+ = ϕ−a2 − ab−1ϕ−ab = 0
D−x˜− ϕ˜+D−ϕ˜− = ϕ+a2 − abϕ+ab−1 = 0,
showing that
(
a2x, abϕ+, ab−1ϕ−
)
satisfies the conditions (6.8). 
Remark 6.8. For a, b ∈ (R0)×, since
(6.48)
(
a2x, abϕ+, ab−1ϕ−
)
=
(
(−a)2x, (−a)(−b)ϕ+, (−a)(−b)−1ϕ−)
we have that
(6.49) a−2L0(x,ϕ
+,ϕ−) · b−J0(x,ϕ+,ϕ−) · (x, ϕ+, ϕ−)
= (−a)−2L0(x,ϕ+,ϕ−) · (−b)−J0(x,ϕ+,ϕ−) · (x, ϕ+, ϕ−).
Thus the map (a, b) 7→ (a2x, abϕ+, ab−1ϕ−) from (R0)× × (R0)× to the set of
invertible N = 2 superconformal functions of the form (a1x, a2ϕ
+, a3ϕ
−), for
a1, a2, a3 ∈ (R0)×, (i.e. with a2a3 = a1) is two-to-one.
For any (A+, A−,M+,M−) ∈ (R∞)2, we define a map E˜ from (R∞)2 to the set
of all formal N = 2 superconformal power series vanishing at zero and with the
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coefficient of ϕ± in ϕ˜± equal to one, respectively, by defining
(6.50) ϕ∓E˜±(A+, A−,M+,M−)(x, ϕ+, ϕ−) = ϕ∓
(
ϕ±
+
∑
j∈Z+
(
E±
j− 12
(A+, A−,M+,M−)xj + ϕ±E±j (A
+, A−,M+,M−)xj
))
and letting E˜(A+, A−,M+,M−)(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) be the unique formal
N = 2 superconformal power series vanishing at zero with even coefficients of ϕ±
equal to one such that E˜±(A+, A−,M+,M−)(x, ϕ+, ϕ−) = ϕ˜± and such that (6.50)
holds.
For a0, b0 ∈ (R0)×, we define a map Eˆ from ((R0)× × R∞)2 to the set of all
formal N = 2 superconformal power series vanishing at zero and with invertible
leading even coefficients of ϕ± as follows. Let E˜(A+, A−,M+,M−)(x, ϕ+, ϕ−) =
(x˜, ϕ˜+, ϕ˜−). Define
(6.51) Eˆ(a0, b0, A
+, A−,M+,M−)(x, ϕ+, ϕ−) = (a20x˜, a0b0ϕ˜
+, a0b
−1
0 ϕ˜
−).
Then Eˆ(a0, b0, A
+, A−,M+,M−)(x, ϕ+, ϕ−) is the unique formal N = 2 supercon-
formal power series satisfying (6.51) with even coefficient of ϕ± equal to a0b±10 ,
respectively.
Remark 6.9. By Remark 6.8, Eˆ is not bijective; it is two-to-one. If, however, we
restrict the domain of Eˆ to ((R0)×)2/〈±1〉 × (R∞)2, then Eˆ is bijective.
The following theorem is an immediate consequence of Propositions 6.2, 6.4, 6.7,
and Remark 6.9.
Theorem 6.10. The map Eˆ from ((R0)×)2/〈±1〉 × (R∞)2 to the set of all formal
N = 2 superconformal power series vanishing at zero with invertible even coeffi-
cients of ϕ± is a bijection.
The map E˜ from (R∞)2 to the set of formal N = 2 superconformal power series
vanishing at zero with even coefficients of ϕ± equal to one is also a bijection.
In particular, we have inverses E˜−1 and Eˆ−1.
Specifically, for (a0, b0, A
+, A−,M+,M−) ∈ ((R0)×)2/〈±1〉 × (R∞)2, we have
Eˆ(a0, b0, A
+, A−,M+,M−)(x, ϕ+, ϕ−)(6.52)
= exp
(
−
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−) +A−j Jj(x, ϕ
+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
·
·a−2L0(x,ϕ+,ϕ−)0 · b−J0(x,ϕ
+,ϕ−)
0 · (x, ϕ+, ϕ−)
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E˜(A+, A−,M+,M−)(x, ϕ+, ϕ−)(6.53)
= exp
(
−
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−) +A−j Jj(x, ϕ
+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
·
·(x, ϕ+, ϕ−).
We will use the notation
TH(x, ϕ+, ϕ−) = −
∑
j∈Z+
(
(E−1)+j (a
+, a−,m+,m−)Lj(x, ϕ+, ϕ−)(6.54)
+(E−1)−j (a
+, a−,m+,m−)Jj(x, ϕ+, ϕ−)
+(E−1)+
j− 12
(a+, a−,m+,m−)G+
j− 12
(x, ϕ+, ϕ−)
+(E−1)−
j− 12
(a+, a−,m+,m−)G−
j− 12
(x, ϕ+, ϕ−)
)
for H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) vanishing at zero and formally N = 2 superconfor-
mal satisfying
(6.55) ϕ∓ϕ˜± = ϕ∓a0b±10
(
ϕ± +
∑
j∈Z+
(
m±
j− 12
xj + ϕ±a±j x
j
))
for some (a0, b0, a
+, a−,m+,m−) ∈ ((R0)×)2/〈±1〉× (R∞)2. Thus any such N = 2
superconformal power series H(x, ϕ+, ϕ−) can be written uniquely as
(6.56) H(x, ϕ+, ϕ−) = eTH(x,ϕ
+,ϕ−) · a−2L0(x,ϕ+,ϕ−)0 · b−J0(x,ϕ
+,ϕ−)
0 · (x, ϕ+, ϕ−).
Recalling (5.34), we know that a local N = 2 superconformal coordinate map
H(w, ρ+, ρ−) = (w˜, ρ˜+, ρ˜−) vanishing at 0 ∈ ∧∞ is completely determined by
ρ∓ρ˜± = ρ∓(ψ±(w)+ρ±g±(w)), i.e., is completely determined by g±(w) and ψ±(w)
where g±(w) can be expanded in a power series of the form a±0 (w+
∑
j∈Z+ a
±
j w
j+1)
with a±0 ∈ (
∧0
∞)
× and a±j−1/2 ∈
∧0
∞, and ψ
±(w) can be expanded in a power series
of the form
∑
j∈Z+ m
±
j−1/2w
j with m±j−1/2 ∈
∧1
∞, such that these power series are
absolutely convergent to g±(w) and ψ±(w), respectively, in some neighborhood of
zero. Thus we see that formal N = 2 superconformal power series H(x, ϕ+, ϕ−)
of the form (6.56) can be thought of as the “local formal N = 2 superconformal
coordinate maps vanishing at zero” or the “local formal N = 2 superconformal co-
ordinate transformations fixing the coordinates of a fixed point to be zero”. From
(6.56), we see that the “local formal N = 2 superconformal transformations invert-
ible and vanishing at zero” are generated uniquely (except for single-valuedness) by
the “infinitesimal formal N = 2 superconformal transformations” of the form
(6.57) (log a0)2L0(x, ϕ
+, ϕ−) + (log b0)J0(x, ϕ+, ϕ−) +
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−)
+A−j Jj(x, ϕ
+, ϕ−) +M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
)
,
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for (a0, b0) ∈ ((R0)×)2/〈±1〉, and {(A+j , A−j ,M+j−1/2,M−j−1/2)}j∈Z+ ∈ (R∞)2. The-
orem 6.10 states that these “infinitesimal N = 2 superconformal transformations”
can be identified with elements in ((R0)×)2/〈±1〉 × (R∞)2.
Proposition 6.11. Let u, v ∈ R((x))[ϕ+, ϕ−]; let (A+, A−,M+,M−) ∈ (R∞)2;
and let
(6.58) T = T (x, ϕ+, ϕ−) = −
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−) +A−j Jj(x, ϕ
+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
)
.
Then
(6.59) eT · (uv) = (eT · u) (eT · v) .
In other words, for T , u, and v given above Proposition 6.1 holds if h = 0 and
y is set equal to 1.
Proof. Define a 12Z-grading by weight on R((x))[ϕ
+, ϕ−] given by wt a = 0 for
a ∈ R, wt xk = k, for k ∈ Z, and wt ϕ± = 12 . Then T ∈ Der(R((x))[ϕ+, ϕ−])
given by (6.58) acting on an element u′ ∈ R((x))[ϕ+, ϕ−] of homogeneous weight,
raises the weight of u′ by 12 and higher. Thus if wt u
′ = k ∈ 12Z, then y
nT n
n! · u′
involves terms of weight greater than or equal to k + n2 , for n ∈ Z+. Therefore,
for u ∈ R((x))[ϕ+, ϕ−], any term in eyT · u of homogeneous weight in x, ϕ+, and
ϕ− is a polynomial in y, and thus we can set y = 1. That is eT · u has only a
finite number of terms of weight k ∈ 12Z, and thus is a well-defined power series in
R((x))[ϕ+, ϕ−], and similarly for eT · v. Therefore (6.59) holds. 
Proposition 6.12. Let H(x, ϕ+, ϕ−) ∈ R((x))[ϕ+, ϕ−], and let H be a formal
N = 2 superconformal power series vanishing at zero given by
H(x, ϕ+, ϕ−) = eTH(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−).
Then
H(H(x, ϕ+, ϕ−)) = H(eTH(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−))(6.60)
= eTH(x,ϕ
+,ϕ−) ·H(x, ϕ+, ϕ−).
More generally, if H(x, ϕ+, ϕ−) ∈ R[[x, x−1]][ϕ+, ϕ−] and the composition H ◦ H
is well defined, then (6.60) holds.
Proof. Write H(x, ϕ+, ϕ−) = eTH · (x, ϕ+, ϕ−) = (eTH · x, eTH · ϕ+, eTH · ϕ−) =
(x˜, ϕ˜+, ϕ˜−). Equation (6.60) is trivial for H(x, ϕ+, ϕ−) = 1, H(x, ϕ+, ϕ−) = x,
and H(x, ϕ+, ϕ−) = ϕ±.
(i) We prove the result for H(x, ϕ+, ϕ−) = xn, with n ∈ N and n > 1, by
induction on n. Assume eTH ·xk = (eTH ·x)k for k ∈ N, k < n. Let H(x, ϕ+, ϕ−) =
xn. Then by Proposition 6.11,
eTH ·H(x, ϕ+, ϕ−) = eTH · (xxn−1) = (eTH · x) (eTH · xn−1)
=
(
eTH · x) (eTH · x)n−1 = x˜x˜n−1 = x˜n = H(H(x, ϕ+, ϕ−)).
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(ii) We next prove the result for H(x, ϕ+, ϕ−) = x−n, n ∈ Z+. Again by
Proposition 6.11,
1 = eTH · (xx−1) = (eTH · x)(eTH · x−1).
Thus
eTH · x−1 = (eTH · x)−1.
Assume eTH · x−k = (eTH · x)−k for k ∈ N, k < n. Let H(x, ϕ+, ϕ−) = x−n.
Then by Proposition 6.11,
eTH ·H(x, ϕ+, ϕ−) = eTH · (x−1x−(n−1)) = (eTH · x−1) (eTH · x−(n−1))
=
(
eTH · x)−1 (eTH · x)−(n−1) = x˜−1x˜−(n−1) = x˜−n
= H(H(x, ϕ+, ϕ−)).
Thus the result is true for H(x, ϕ+, ϕ−) = xn, n ∈ Z.
(iii) For H(x, ϕ+, ϕ−) = ϕ±xn, n ∈ Z, we note that by Proposition 6.11, and
the above cases
eTH ·H(x, ϕ+, ϕ−) = eTH · (ϕ±xn) = (eTH · ϕ±) (eTH · xn)
=
(
eTH · ϕ±) (eTH · x)n = ϕ˜±x˜n = H(H(x, ϕ+, ϕ−)).
(iv) Finally for H(x, ϕ+, ϕ−) = ϕ+ϕ−xn, n ∈ Z, we note that by Proposition
6.11, and the above cases
eTH ·H(x, ϕ+, ϕ−) = eTH · (ϕ+ϕ−xn) = (eTH · ϕ+) (eTH · ϕ−) (eTH · xn)
= ϕ˜+ϕ˜−x˜n = H(H(x, ϕ+, ϕ−)).
Since eTH · (ϕ+)j+(ϕ−)j−xn ∈ R((x))[ϕ+, ϕ−], for j± = 0, 1 and n ∈ Z, the
result follows by linearity. 
Proposition 6.13. Any formal N = 2 superconformal power series H(x, ϕ+, ϕ−)
vanishing at zero and with even coefficient of ϕ± invertible has a unique inverse
H−1(x, ϕ+, ϕ−) with respect to composition of formal power series, and this inverse
is also N = 2 superconformal vanishing at zero and with even coefficient of ϕ±
invertible.
If Eˆ−1(H(x, ϕ+, ϕ−)) = (a0, b0, A+, A−,M+,M−), i.e.,
H(x, ϕ+, ϕ−)(6.61)
= exp
(
−
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−) +A−j Jj(x, ϕ
+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
·a−2L0(x,ϕ+,ϕ−)0 · b−J0(x,ϕ
+,ϕ−)
0 · (x, ϕ+, ϕ−)
= exp
(TH(x, ϕ+, ϕ−)) · a−2L0(x,ϕ+,ϕ−)0 · b−J0(x,ϕ+,ϕ−)0 · (x, ϕ+, ϕ−)
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then
H−1(x, ϕ+, ϕ−)(6.62)
= exp
(∑
j∈Z+
(
a−2j0 A
+
j Lj(x, ϕ
+, ϕ−) + a−2j0 A
−
j Jj(x, ϕ
+, ϕ−)
+a−2j+10 b0M
+
j− 12
G+
j− 12
(x, ϕ+, ϕ−)
+a−2j+10 b
−1
0 M
−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
·
·a2L0(x,ϕ+,ϕ−)0 · bJ0(x,ϕ
+,ϕ−)
0 · (x, ϕ+, ϕ−)
= a
2L0(x,ϕ
+,ϕ−)
0 · bJ0(x,ϕ
+,ϕ−)
0 · exp
(∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−)
+A−j Jj(x, ϕ
+, ϕ−) +M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−)
+M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
· (x, ϕ+, ϕ−)
= a
2L0(x,ϕ
+,ϕ−)
0 · bJ0(x,ϕ
+,ϕ−)
0 · exp
(−TH(x, ϕ+, ϕ−)) · (x, ϕ+, ϕ−).
Proof. Using formula (6.62) for H−1, from Proposition 6.12 and (6.46) we have
H(H−1(x, ϕ+, ϕ−))
= H(H−1(a20x1, a0b0ϕ
+
1 , a0b
−1
0 ϕ
−
1 ))
∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
−2
0 x,a
−1
0 b
−1
0 ϕ
+,a−10 b0ϕ
−)
= H
(
exp
(∑
j∈Z+
(
A+j Lj(x1, ϕ
+
1 , ϕ
−
1 ) +A
−
j Jj(x1, ϕ
+
1 , ϕ
−
1 )
+M+
j− 12
G+
j− 12
(x1, ϕ
+
1 , ϕ
−
1 ) +M
−
j− 12
G−
j− 12
(x1, ϕ
+
1 , ϕ
−
1 )
))
·
(x1, ϕ
+
1 , ϕ
−
1 )
)∣∣∣∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
−2
0 x,a
−1
0 b
−1
0 ϕ
+,a−10 b0ϕ
−)
= H(exp
(−TH(x1, ϕ+1 , ϕ−1 )) ·
(x1, ϕ
+
1 , ϕ
−
1 ))
∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
−2
0 x,a
−1
0 b
−1
0 ϕ
+,a−10 b0ϕ
−)
= exp
(−TH(x1, ϕ+1 , ϕ−1 )) ·
H(x1, ϕ
+
1 , ϕ
−
1 )
∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
−2
0 x,a
−1
0 b
−1
0 ϕ
+,a−10 b0ϕ
−)
= exp
(−TH(x1, ϕ+1 , ϕ−1 )) · exp (TH(x1, ϕ+1 , ϕ−1 )) · a−2L0(x1,ϕ+1 ,ϕ−1 )0 ·
b
−J0(x1,ϕ+1 ,ϕ−1 )
0 · (x1, ϕ1))
∣∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
−2
0 x,a
−1
0 b
−1
0 ϕ
+,a−10 b0ϕ
−)
= (a20x1, a0b0ϕ
+
1 , a0b
−1
0 ϕ
−
1 )
∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
−2
0 x,a
−1
0 b
−1
0 ϕ
+,a−10 b0ϕ
−)
= (x, ϕ+, ϕ−).
THE N = 2 MODULI SPACE 39
Similarly, from Proposition 6.12, and (6.46) we have
H−1(H(x, ϕ+, ϕ−))
= H−1(H(a−20 x1, a
−1
0 b
−1
0 ϕ
+
1 , a
−1
0 b0ϕ
−
1 ))
∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
2
0x,a0b0ϕ
+,a0b
−1
0 ϕ
−)
= H−1
(
a
2L0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · bJ0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · exp
(TH(x1, ϕ+1 , ϕ−1 )) ·
a
−2L0(x1,ϕ+1 ,ϕ−1 )
0 · b−J0(x1,ϕ
+
1 ,ϕ
−
1 )
0 ·
(x1, ϕ
+
1 , ϕ
−
1 )
)∣∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
2
0x,a0b0ϕ
+,a0b
−1
0 ϕ
−)
= a
2L0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · bJ0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · exp
(TH(x1, ϕ+1 , ϕ−1 )) · a−2L0(x1,ϕ+1 ,ϕ−1 )0 ·
b
−J0(x1,ϕ+1 ,ϕ−1 )
0 · H−1(x1, ϕ+1 , ϕ−1 )
∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
2
0x,a0b0ϕ
+,a0b
−1
0 ϕ
−)
= a
2L0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · bJ0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · exp
(TH(x1, ϕ+1 , ϕ−1 )) · a−2L0(x1,ϕ+1 ,ϕ−1 )0 ·
b
−J0(x1,ϕ+1 ,ϕ−1 )
0 · bJ0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · a2L0(x1,ϕ
+
1 ,ϕ
−
1 )
0 ·
exp
(−TH(x1, ϕ+1 , ϕ−1 )) · (x1, ϕ+1 , ϕ−1 ))∣∣(x1,ϕ+1 ,ϕ−1 )=(a20x,a0b0ϕ+,a0b−10 ϕ−)
= a
2L0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · bJ0(x1,ϕ
+
1 ,ϕ
−
1 )
0 · (x1, ϕ+1 , ϕ−1 )
∣∣∣
(x1,ϕ
+
1 ,ϕ
−
1 )=(a
2
0x,a0b0ϕ
+,a0b
−1
0 ϕ
−)
= (x, ϕ+, ϕ−).
Since the formal composition of two formal N = 2 superconformal power series is
again N = 2 superconformal, by Propositions 6.4 and 6.7 and the fact that H−1 is
given by (6.62), the formal power series H−1(x, ϕ+, ϕ−) is N = 2 superconformal.

Remark 6.14. From the proposition above, we see that the set of all formal N = 2
superconformal power series vanishing at zero with even coefficient of ϕ± invertible
is a group with composition as the group operation. This is the group of “formal
N = 2 superconformal local coordinate transformations vanishing at zero”. We
also see that, the set of all formal N = 2 superconformal power series vanishing at
zero with even coefficient of ϕ± equal to one is a subgroup. This is the group of
“formal N = 2 superconformal local coordinate transformations vanishing at zero
with leading even coefficient of ϕ± equal to one”.
Let H(x, ϕ+, ϕ−) and H(x, ϕ+, ϕ−) be two formal N = 2 superconformal power
series vanishing at zero and with even coefficients of ϕ± equal to one, i.e., let H
and H¯ be of the form (6.32) such that
E˜−1(H(x, ϕ+, ϕ−)) = (A+, A−,M+,M−)(6.63)
E˜−1(H(x, ϕ+, ϕ−)) = (B+, B−, N+, N−)(6.64)
for some (A+, A−,M+,M−), (B+, B−, N+, N−) ∈ (R∞)2. We define the composi-
tion of (A+, A−,M+,M−) and (B+, B−, N+, N−), denoted (A+, A−,M+,M−) ◦
(B+, B−, N+, N−), by
(6.65) (A+, A−,M+,M−) ◦ (B+, B−, N+, N−) = E˜−1((H ◦H)(x, ϕ+, ϕ−))
where (H ◦H)(x, ϕ+, ϕ−) is the formal composition of H and H .
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Proposition 6.15. The set (R∞)2 is a group with the operation ◦. Let
(A+, A−,M+,M−) = {(A+j , A−j ,M+j−1/2,M−j−1/2)}j∈Z+ ∈ (R∞)2,
and for any t ∈ R0, define
t(A+, A−,M+,M−) = {(tA+j , tA−j , tM+j−1/2, tM−j−1/2)}j∈Z+ .
Then for t1, t2 ∈ R0,
(6.66)
(t1(A
+, A−,M+,M−)) ◦ (t2(A+, A−,M+,M−)) = (t1 + t2)(A+, A−,M+,M−).
That is the map t 7→ t(A+, A−,M+,M−) is a homomorphism from the additive
group R0 to (R∞)2.
Proof. Since the set of all formal N = 2 superconformal power series of the form
(6.32) is a group with composition as its group operation, it is obvious from the
definition of ◦ that R∞ is a group with this operation. Let Ht(x, ϕ+, ϕ−) =
E˜(t(A+, A−,M+,M−)) for t ∈ R0. By Proposition 6.12
Ht2(Ht1(x, ϕ
+, ϕ−)) = eTHt1 (x,ϕ
+,ϕ−) ·Ht2(x, ϕ+, ϕ−)
= eTHt1 (x,ϕ
+,ϕ−) · eTHt2 (x,ϕ+,ϕ−) · (x, ϕ+, ϕ−)
= et1TH1(x,ϕ
+,ϕ−) · et2TH1 (x,ϕ+,ϕ−) · (x, ϕ+, ϕ−)
= e(t1+t2)TH1(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−)
= H(t1+t2)(x, ϕ
+, ϕ−)
= E˜((t1 + t2)(A
+, A−,M+,M−)).
Or equivalently,
E˜−1(Ht2(Ht1(x, ϕ
+, ϕ−)) = (t1 + t2)(A+, A−,M+,M−).
But then from the definition of t1(A
+, A−,M+,M−) ◦ t2(A+, A−,M+,M−),
E˜−1(Ht2(Ht1(x, ϕ
+, ϕ−)) = t1(A+, A−,M+,M−) ◦ t2(A+, A−,M+,M−).
Thus we obtain equation (6.66). 
We now extend this composition ◦ to ((R0)×)2/〈±1〉× (R∞)2. Again let H and
H be two formal N = 2 superconformal power series of the form (6.32) such that
(6.63) and (6.64) hold, and let
Ha+0 ,a
−
0
(x, ϕ+, ϕ−) = Eˆ(a+0 , a
−
0 , A
+, A−,M+,M−)(x, ϕ+, ϕ−)
= H((a+0 )
2x, a+0 a
−
0 ϕ
+, a+0 (a
−
0 )
−1ϕ−)
Hb+0 ,b
−
0
(x, ϕ+, ϕ−) = Eˆ(b+0 , b
−
0 , B
+, B−, N+, N−)(x, ϕ+, ϕ−)
= H((b+0 )
2x, b+0 b
−
0 ϕ
+, b+0 (b
−
0 )
−1ϕ−)
for (a+0 , a
−
0 , A
+, A−,M+,M−), (b+0 , b
−
0 , B
+, B−, N+, N−) ∈ ((R0)×)2/〈±1〉×(R∞)2.
Define
(6.67) (a+0 , a
−
0 , A
+, A−,M+,M−) ◦ (b+0 , b−0 , B+, B−, N+, N−)
= Eˆ−1((Hb+0 ,b−0 ◦Ha+0 ,a−0 )(x, ϕ
+, ϕ−)).
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Then in terms of the composition defined on (R∞)2 by (6.65), we have
(6.68) (a+0 , a
−
0 , A
+, A−,M+,M−) ◦ (b+0 , b−0 , B+, B−, N+, N−)
=
(
a+0 b
+
0 , a
−
0 b
−
0 , (A
+, A−,M+,M−) ◦ {(a+0 )2jB+j , (a+0 )2jB−j ,
(a+0 )
2j−1(a−0 )
−1N+
j− 12
, (a+0 )
2j−1a−0 N
−
j− 12
}
j∈Z+
)
.
Remark 6.16. With the composition operation defined above, ((R0)×)2/〈±1〉 ×
(R∞)2 is a group naturally isomorphic to the group of all formal N = 2 super-
conformal power series of the form (6.61), i.e., isomorphic to the group of formal
N = 2 superconformal local coordinate transformations vanishing at zero. See Re-
mark 6.14. The subset (R∞)2 is a subgroup of ((R0)×)2/〈±1〉× (R∞)2 isomorphic
to the group of all formal N = 2 superconformal power series of the form (6.32), i.e.,
isomorphic to the group of formal N = 2 superconformal local coordinate trans-
formations vanishing at zero with leading even coefficient of ϕ± equal to one. In
addition,
{(a+0 , 1, A+, A−,M+,M−) | a+0 ∈ (R0)×, (A+, A−,M+,M−) ∈ (R∞)2}
and
{(1, a−0 , A+, A−,M+,M−) | a−0 ∈ (R0)×, (A+, A−,M+,M−) ∈ (R∞)2}
are subgroups of ((R0)×)2/〈±1〉 × (R∞)2. In Section 7 we continue our discussion
of subgroups of ((R0)×)2/〈±1〉 × (R∞)2, and in Section 9 we relate these group
structures to subsets of the moduli space of N = 2 super-Riemann spheres with
one incoming tube and one outgoing tube and a corresponding “sewing” operation.
We now want to consider the “formal N = 2 superconformal coordinate maps
vanishing at infinity.” Let H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) be a formal N = 2 super-
conformal powers series with x˜, ϕ˜± ∈ x−1R[[x−1]][ϕ+, ϕ−] such that
ϕ∓ϕ˜± = ϕ∓
(
iϕ±
x
+
∑
j∈Z+
(
m±
j− 12
x−j + iϕ±a±j x
−j−1
))
(6.69)
= ϕ∓(ψ±(x) + ϕ±g±(x)).
for a±j ∈ R0 and m±j−1/2 ∈ R1, for j ∈ Z+. That is, H is N = 2 superconformal
with leading coefficient of ϕ±x−1 in ϕ˜± equal to i. Then if limx→∞H(x, 0, 0) = 0,
H is uniquely determined by (6.69). That is H is uniquely determined by (6.69)
(or equivalently g±(x) and ψ±(x)) and the requirement that it be N = 2 super-
conformal and vanishing at infinity (cf. Remark 3.2). Explicitly, we have that if
H(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) is formal N = 2 superconformal, vanishing at infinity
and with leading even coefficient of ϕ±x−1 equal to i, then x˜, ϕ˜± are of the form
(3.20) – (3.21), respectively, with (z, θ+, θ−) = (x, ϕ+, ϕ−), and with a±0 = 1.
Define
(6.70) I(x, ϕ+, ϕ−) =
(1
x
,
iϕ+
x
,
iϕ−
x
)
,
cf. (5.3). Then I is N = 2 superconformal, vanishing at infinity and with leading
even coefficient of ϕ±x−1 equal to i. Note that I−1 = (1/x,−iϕ+/x, −iϕ+/x) is
N = 2 superconformal, vanishing at infinity and with even coefficient of ϕ±x−1
equal to −i.
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We now want to use the results we have developed about formal N = 2 super-
conformal series vanishing at zero to express any formal N = 2 superconformal
series vanishing at infinity and with even coefficient of ϕ±x−1 equal to i in terms
of superderivations in Der(R((x−1))[ϕ+, ϕ−]).
LetH(x, ϕ+, ϕ−) be N = 2 superconformal vanishing at infinity and with leading
even coefficient of ϕ±x−1 equal to i, and let
(6.71) H−1(x, ϕ+, ϕ−) = H ◦ I−1(x, ϕ+, ϕ−).
Then H−1 is N = 2 superconformal vanishing at zero and with leading even coeffi-
cient of ϕ± equal to one. Thus H−1 is of the form (6.56) with a0 = b0 = 1 and by
Proposition 6.13 has a well-defined compositional inverse H−1−1 (x, ϕ
+, ϕ−).
Note that H ◦ I−1 ◦ H−1−1 (x, ϕ+, ϕ−), and I−1 ◦ H−1−1 ◦ H(x, ϕ+, ϕ−) are well-
defined formal N = 2 superconformal series with components in R[[x]][ϕ+, ϕ−]
and xR[[x−1]][ϕ+, ϕ−], respectively. Moreover, it is clear that the compositional
inverse of H is H−1(x, ϕ+, ϕ−) = I−1 ◦H−1−1 (x, ϕ+, ϕ−) which has components in
x−1R[[x]][ϕ+, ϕ−].
Recall the even and odd superderivations introduced in (6.13) – (6.15).
Proposition 6.17. Given H(x, ϕ+, ϕ−) N = 2 superconformal vanishing at infin-
ity and with leading coefficient of ϕ±x−1 equal to i, we have
H(x, ϕ+, ϕ−) = exp
(∑
j∈Z+
(
A+j L−j(x, ϕ
+, ϕ−)−A−j J−j(x, ϕ+, ϕ−)(6.72)
+iM+
j− 12
G+−j+ 12
(x, ϕ+, ϕ−)
+iM−
j− 12
G−−j+ 12
(x, ϕ+, ϕ−)
))
·
(1
x
,
iϕ+
x
,
iϕ−
x
)
= exp
(
TH−1
(1
x
,
iϕ+
x
,
iϕ−
x
))
·
(1
x
,
iϕ+
x
,
iϕ−
x
)
.
for some (A+, A−,M+,M−) ∈ (R∞)2, and for H−1 = H ◦ I−1. The inverse of
H with respect to composition is given by H−1(x, ϕ+, ϕ−) = I−1 ◦H−1−1 (x, ϕ+, ϕ−),
and
H−1 ◦ I(x, ϕ+, ϕ−) = H−1
(1
x
,
iϕ+
x
,
iϕ−
x
)
(6.73)
= exp
(
−TH−1
(1
x
,
iϕ+
x
,
iϕ−
x
))
· (x, ϕ+, ϕ−).
Proof. Since H is N = 2 superconformal vanishing at infinity and with leading
coefficient of ϕ±x−1 equal to i, the power series
H−1(x, ϕ+, ϕ−) = H ◦ I−1(x, ϕ+, ϕ−)
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has components in R[[x]][ϕ+, ϕ−], is vanishing at zero and has leading coefficients
of ϕ± equal to one. Thus by Proposition 6.4, we have
H−1(x, ϕ+, ϕ−)
= exp
(
−
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−) +A−j Jj(x, ϕ
+, ϕ−)
+M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
· (x, ϕ+, ϕ−)
= exp(TH−1(x, ϕ+, ϕ−)) · (x, ϕ+, ϕ−)
for some (A+, A−,M+,M−) ∈ (R∞)2. Write I(x, ϕ+, ϕ−) = (1/x, iϕ+/x, iϕ−/x) =
(x˜, ϕ˜+, ϕ˜−). By the chain rule
ix−1
∂
∂ϕ˜±
=
∂ϕ˜±
∂ϕ±
∂
∂ϕ˜±
=
∂
∂ϕ±
− ∂x˜
∂ϕ±
∂
∂x˜
− ∂ϕ˜
∓
∂ϕ±
∂
∂ϕ˜∓
=
∂
∂ϕ±
and thus
−x−2 ∂
∂x˜
=
∂x˜
∂x
∂
∂x˜
=
∂
∂x
−
(
−∂ϕ˜
+
∂x
∂
∂ϕ˜+
)
−
(
−∂ϕ˜
−
∂x
∂
∂ϕ˜−
)
=
∂
∂x
− iϕ+x−2 ∂
∂ϕ˜+
− iϕ−x−2 ∂
∂ϕ˜−
=
∂
∂x
+ ϕ+x−1
∂
∂ϕ+
+ ϕ−x−1
∂
∂ϕ−
.
Therefore
H(x, ϕ+, ϕ−) = H ◦ I−1 ◦ I(x, ϕ+, ϕ−) = H ◦ I−1(x˜, ϕ˜+, ϕ˜−) = H−1(x˜, ϕ˜+, ϕ˜−)
= exp(TH−1 (x˜, ϕ˜+, ϕ˜−)) · (x˜, ϕ˜+, ϕ˜−)
= exp
(
−
∑
j∈Z+
(
A+j Lj(x˜, ϕ˜
+, ϕ˜−) +A−j Jj(x˜, ϕ˜
+, ϕ˜−)
+M+
j− 12
G+
j− 12
(x˜, ϕ˜+, ϕ˜−) +M−
j− 12
G−
j− 12
(x˜, ϕ˜+, ϕ˜−)
))
· (x˜, ϕ˜+, ϕ˜−)
= exp
(∑
j∈Z+
(
A+j
(
x˜j+1
∂
∂x˜
+
( j + 1
2
)
x˜j
(
ϕ˜+
∂
∂ϕ˜+
+ ϕ˜−
∂
∂ϕ˜−
))
+A−j x˜
j
(
ϕ˜+
∂
∂ϕ˜+
− ϕ˜− ∂
∂ϕ˜−
)
+M+
j− 12
(
x˜j
( ∂
∂ϕ˜+
− ϕ˜− ∂
∂x˜
)
+jx˜j−1ϕ˜+ϕ˜−
∂
∂ϕ˜+
)
+M−
j− 12
(
x˜j
( ∂
∂ϕ˜−
− ϕ˜+ ∂
∂x˜
)
− jx˜j−1ϕ˜+ϕ˜− ∂
∂ϕ˜−
)))
·
(x˜, ϕ˜+, ϕ˜−)
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= exp
(∑
j∈Z+
(
A+j
(
x−j−1(−x2)
( ∂
∂x
+ ϕ+x−1
∂
∂ϕ+
+ ϕ−x−1
∂
∂ϕ−
)
+
(j + 1
2
)
x−j
(
iϕ+x−1(−ix) ∂
∂ϕ+
+ iϕ−x−1(−ix) ∂
∂ϕ−
))
+A−j x
−j
(
iϕ+x−1(−ix) ∂
∂ϕ+
− iϕ−x−1(−ix) ∂
∂ϕ−
)
+M+
j− 12
(
x−j
(
−ix ∂
∂ϕ+
−iϕ−x−1(−x2)
( ∂
∂x
+ ϕ+x−1
∂
∂ϕ+
+ ϕ−x−1
∂
∂ϕ−
))
−jx−j−1ϕ+ϕ−(−ix) ∂
∂ϕ+
)
+M−
j− 12
(
x−j
(
−ix ∂
∂ϕ−
− iϕ+x−1(−x2)
( ∂
∂x
+ϕ+x−1
∂
∂ϕ+
+ ϕ−x−1
∂
∂ϕ−
))
+ jx−j−1ϕ+ϕ−(−ix) ∂
∂ϕ−
)))
·
(
1
x
,
iϕ+
x
,
iϕ−
x
)
= exp
(
−
∑
j∈Z+
(
A+j
(
x−j+1
∂
∂x
+
(−j + 1
2
)
x−j
(
ϕ+
∂
∂ϕ+
+ ϕ−
∂
∂ϕ−
))
−A−j x−j
(
ϕ+
∂
∂ϕ+
− ϕ− ∂
∂ϕ−
)
+ iM+
j− 12
(
x−j+1
( ∂
∂ϕ+
− ϕ− ∂
∂x
)
+(−j + 1)x−jϕ+ϕ− ∂
∂ϕ+
)
+ iM−
j− 12
(
x−j+1
( ∂
∂ϕ−
− ϕ+ ∂
∂x
)
−(−j + 1)x−jϕ+ϕ− ∂
∂ϕ−
)))
·
(
1
x
,
iϕ+
x
,
iϕ−
x
)
= exp
(∑
j∈Z+
(
A+j L−j(x, ϕ
+, ϕ−)−A−j J−j(x, ϕ+, ϕ−)
+iM+
j− 12
G+−j+ 12
(x, ϕ+, ϕ−) + iM−
j− 12
G−−j+ 12
(x, ϕ+, ϕ−)
)
·
(
1
x
,
iϕ+
x
,
iϕ−
x
)
which gives (6.72).
By Proposition 6.13, we know that H−1(x, ϕ+, ϕ−) has a unique inverse, namely
H−1−1 (x, ϕ
+, ϕ−), with
H−1−1 (x, ϕ
+, ϕ−) = exp(TH−1
−1
(x, ϕ+, ϕ−)) · (x, ϕ+, ϕ−)
= exp(−TH−1(x, ϕ+, ϕ−)) · (x, ϕ+, ϕ−).
SettingH−1(x, ϕ+, ϕ−) = I−1◦H−1−1 (x, ϕ+, ϕ−), and sinceH(x, ϕ+, ϕ−) = H−1◦
I(x, ϕ+, ϕ−), we have
H ◦H−1(x, ϕ+, ϕ−) = H−1 ◦ I ◦ I−1 ◦H−1−1 (x, ϕ+, ϕ−) = (x, ϕ+, ϕ−)
and
H−1 ◦H(x, ϕ+, ϕ−) = I−1 ◦H−1−1 ◦H−1 ◦ I(x, ϕ+, ϕ−) = (x, ϕ+, ϕ−).
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Moreover, by Proposition 6.12, with H = I−1 and H in the Proposition replaced
by H−1−1 , we have
H−1 ◦ I(x, ϕ+, ϕ−)
= I−1 ◦H−1−1 ◦ I(x, ϕ+, ϕ−)
= I−1
(
exp(−TH−1(x, ϕ+, ϕ−)) · (x, ϕ+, ϕ−)
)∣∣
(x,ϕ+,ϕ−)=I(x,ϕ+,ϕ−)
= exp(−TH−1(x, ϕ+, ϕ−)) · I−1(x, ϕ+, ϕ−)
∣∣
(x,ϕ+,ϕ−)=I(x,ϕ+,ϕ−)
= exp
(
−TH−1
(1
x
,
iϕ+
x
,
iϕ−
x
))
· (x, ϕ+, ϕ−)
which gives (6.73). 
Remark 6.18. The formal N = 2 superconformal power series of the form (6.72)
can be thought of as the “formal N = 2 superconformal local coordinate maps
vanishing at ∞ = (∞, 0, 0) with leading even coefficient of ϕ±x−1 equal to i”.
The following two propositions are analogous to Proposition 6.11 and Proposition
6.12, respectively.
Proposition 6.19. Let u, v ∈ R((x−1))[ϕ+, ϕ−]; let (B+, B−, N+, N−) ∈ (R∞)2;
and let
T¯ = −
∑
j∈Z+
(
B+j L−j(x, ϕ
+, ϕ−) +B−j J−j(x, ϕ
+, ϕ−)(6.74)
+N+
j− 12
G+−j+ 12
(x, ϕ+, ϕ+) +N−
j− 12
G−−j+ 12
(x, ϕ+, ϕ+)
)
.
Then
(6.75) eT¯ · (uv) =
(
eT¯ · u
)(
eT¯ · v
)
.
In other words, for T¯ , u, and v given above, Proposition 6.1 holds if h = 0 and
y is set equal to 1.
Proof. The proof is analogous to the proof of Proposition 6.11. Again, we use a 12Z
grading by weight on R((x−1))[ϕ+, ϕ−] given by wt a = 0 if a ∈ R, wt xk = k, for
k ∈ Z, and wt ϕ± = 12 . Then T¯ ∈ Der(R((x−1))[ϕ+, ϕ−]) given by (6.74) acting
on an element u′ ∈ R((x−1))[ϕ+, ϕ−] of homogeneous weight, lowers the weight of
u′ by at least 12 . Thus if wt u
′ = k ∈ 12Z, then y
nT¯ n
n! · u′ involves terms of weight
lower than or equal to k− n2 , for n ∈ Z+. Therefore, for u ∈ R((x−1))[ϕ+, ϕ−], any
term in eyT¯ · u of homogeneous weight in x, ϕ+, and ϕ− is a polynomial in y, and
thus we can set y = 1. That is eT¯ · u has only a finite number of terms of weight
k ∈ 12Z, and thus is a well-defined power series in R((x−1))[ϕ+, ϕ−], and similarly
for eT¯ · v. Therefore (6.75) holds. 
Proposition 6.20. Let H(x, ϕ+, ϕ−) = eT¯ · (x, ϕ+, ϕ−) with T¯ given by (6.74),
and let H(x, ϕ+, ϕ−) ∈ R((x−1))[ϕ+, ϕ−]. Then
(6.76) H(H(x, ϕ+, ϕ−)) = H(eT¯ · (x, ϕ+, ϕ−)) = eT¯ ·H(x, ϕ+, ϕ−).
More generally, if H(x, ϕ+, ϕ−) ∈ R[[x, x−1]][ϕ+, ϕ−] and the composition H ◦ H
is well defined, then (6.76) holds.
46 KATRINA BARRON
Proof. The first part of the proof is identical to steps (i) – (iv) in the proof of Propo-
sition 6.12. To finish the proof, we only need note that since eT¯ ·(ϕ+)j+(ϕ−)j−xn ∈
R((x−1))[ϕ+, ϕ−] for j± = 0, 1 and n ∈ Z, the result follows by linearity. 
Let H(x, ϕ+, ϕ−) and H(x, ϕ+, ϕ−) be two formal N = 2 superconformal power
series vanishing at infinity and with even coefficients of ϕ±x−1 equal to i, i.e., let
H and H¯ be of the form (6.72) such that
E˜−1(H ◦ I−1(x, ϕ+, ϕ−)) = (A+,−A−,−iM+,−iM−)(6.77)
E˜−1(H ◦ I−1(x, ϕ+, ϕ−)) = (B+,−B−,−iN+,−iN−)(6.78)
for some (A+, A−,M+,M−), (B+, B−, N+, N−) ∈ (R∞)2. Define the composition
at infinity of (A+, A−,M+,M−) and (B+, B−, N+, N−), denoted
(6.79) (A+, A−,M+,M−) ◦∞ (B+, B−, N+, N−),
by
(6.80) (A+, A−,M+,M−) ◦∞ (B+, B−, N+, N−) = (C+, C−, P+, P−)
for
(6.81) (C+,−C−,−iP+,−iP−) = E˜−1((H ◦ I−1 ◦H ◦ I−1)(x, ϕ+, ϕ−)) ∈ (R∞)2,
where (H ◦ I−1 ◦H ◦ I−1)(x, ϕ+, ϕ−) is the formal composition of H , I−1 and H .
We have the following corollary in analogy to Proposition 6.15.
Corollary 6.21. The set (R∞)2 is a group with the operation ◦∞, and letting
(6.82)
(C+,−C−,−iP+,−iP−) = (B+,−B−,−iN+,−iN−)◦(A+,−A−,−iM+,−iM−),
where the composition ◦ on (R∞)2 is that defined by (6.65), we have
(6.83) (A+, A−,M+,M−) ◦∞ (B+, B−, N+, N−) = (C+, C−, P+, P−).
Furthermore, letting
(A+, A−,M+,M−) = {(A+j , A−j ,M+j−1/2,M−j−1/2)}j∈Z+ ∈ (R∞)2,
and for any t ∈ R0, if we define
t(A+, A−,M+,M−) = {(tA+j , tA−j , tM+j−1/2, tM−j−1/2)}j∈Z+ ,
then for t1, t2 ∈ R0,
(6.84) (t1(A
+, A−,M+,M−)) ◦∞ (t2(A+, A−,M+,M−))
= (t1 + t2)(A
+, A−,M+,M−).
That is the map t 7→ t(A+, A−,M+,M−) is a homomorphism from the additive
group R0 to the group (R∞)2 with group operation ◦∞.
Proof. LetH◦I−1 = E˜(A+,−A−,−iM+,−iM−) andH◦I−1 = E˜(B+,−B−,−iN+,
−iN−). Then by definition
(B+,−B−,−iN+,−iN−) ◦ (A+,−A−,−iM+,−iM−)
= E˜−1(H ◦ I−1 ◦H ◦ I−1(x, ϕ+, ϕ−))
proving the first statement. The rest of the corollary then follows from Proposition
6.15. 
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Remark 6.22. With the composition operation ◦∞ defined above, (R∞)2 can be
thought of as the group of formal N = 2 superconformal local coordinate transfor-
mations vanishing at infinity and with leading even coefficient of ϕ±x−1 equal to i.
In Section 7 we discuss subgroups of (R∞)2 under the group operations ◦∞ and ◦,
and in Section 9 we relate these group structures to subsets of the moduli space of
N = 2 super-Riemann spheres with one incoming tube and one outgoing tube and
a corresponding “sewing” operation.
Remark 6.23. From Theorem 6.10 and Proposition 6.17, we see that in general
the “formal infinitesimal N = 2 superconformal transformations” are of the form
(6.85)
∑
j∈Z+
(
B+j L−j(x, ϕ
+, ϕ−) +B−j J−j(x, ϕ
+, ϕ−) +N+
j− 12
G+−j+ 12
(x, ϕ+, ϕ−)
+N−
j− 12
G−−j+ 12
(x, ϕ+, ϕ−)
)
+ (log a+0 )2L0(x, ϕ
+, ϕ−) + (log a−0 )J0(x, ϕ
+, ϕ−)
+
∑
j∈Z+
(
A+j Lj(x, ϕ
+, ϕ−) +A−j Jj(x, ϕ
+, ϕ−) +M+
j− 12
G+
j− 12
(x, ϕ+, ϕ−)
+M−
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
)
for (a+0 , a
−
0 ) ∈ ((R0)×)2/〈±1〉, A±j , B±j ∈ R0, and M±j−1/2, N±j−1/2 ∈ R1.
7. The N = 2 Neveu-Schwarz algebra and the group of N = 2
superprojective transformations
In this section, we define the N = 2 Neveu-Schwarz algebra [DPYZ] and point
out that the superderivations we used in Section 6 give a representation of the
N = 2 Neveu-Schwarz algebra with central charge zero [Ki]. This shows that the
N = 2 Neveu-Schwarz algebra is the algebra of infinitesimal N = 2 superconformal
transformations. We point out several subalgebras of the N = 2 Neveu-Schwarz al-
gebra and their corresponding Lie supergroups in connection with our development
of the groups corresponding to N = 2 superconformal local coordinates vanishing
at zero and at infinity as developed in Section 6. We discuss the subalgebra of the
N = 2 Neveu-Schwarz algebra consisting of infinitesimal global N = 2 supercon-
formal transformations (i.e., infinitesimal N = 2 superprojective transformations),
and derive the action of the corresponding Lie supergroup of N = 2 superprojective
transformations on the N = 2 super-Riemann sphere S2Cˆ. In addition, we point
out several errors in the literature concerning the presentation of these N = 2
superprojective transformations.
Let ns2 denote the N = 2 Neveu-Schwarz Lie superalgebra with central charge d,
basis consisting of the central element d, even elements Ln and Jn and odd elements
G±n+1/2, for n ∈ Z, and commutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0 d,(7.1)
[Jm, Jn] =
1
3
mδm+n,0 d,(7.2)
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[Lm, Jn] = −nJm+n,(7.3) [
Lm, G
±
n+ 12
]
=
(m
2
− n− 1
2
)
G±
m+n+ 12
,(7.4) [
Jm, G
±
n+ 12
]
= ±G±
m+n+ 12
,(7.5) [
G+
m+ 12
, G+
n+ 12
]
=
[
G−
m+ 12
, G−
n+ 12
]
= 0,(7.6) [
G+
m+ 12
, G−
n− 12
]
= 2Lm+n + (m− n+ 1)Jm+n(7.7)
+
1
3
(m2 +m)δm+n,0 d.
It is easy to check that the superderivations in Der(C[x, x−1, ϕ+, ϕ−]) given by
(6.13) – (6.15), i.e., the superderivations
Ln(x, ϕ
+, ϕ−) = −
(
xn+1
∂
∂x
+
(n+ 1
2
)
xn
(
ϕ+
∂
∂ϕ+
+ ϕ−
∂
∂ϕ−
))
(7.8)
Jn(x, ϕ
+, ϕ−) = −xn
(
ϕ+
∂
∂ϕ+
− ϕ− ∂
∂ϕ−
)
(7.9)
G±
n− 12
(x, ϕ+, ϕ−) = −
(
xn
( ∂
∂ϕ±
− ϕ∓ ∂
∂x
)
± nxn−1ϕ+ϕ− ∂
∂ϕ±
)
(7.10)
for n ∈ Z, satisfy the N = 2 Neveu-Schwarz relations (7.1) – (7.7) with central
charge zero (cf. [Ki]).
We would now like to discuss some subalgebras of ns2 and their interpretation
in terms of the group structures discussed in Proposition 6.15 and Corollary 6.21.
We first note that letting Z = ±Z+, the following are subalgebras of ns2.
(7.11) {Ln | n ∈ Z}, {Jn | n ∈ Z}, {Lm, Jn | m,n ∈ Z}
{G+
n+ 12
| n ∈ Z}, {G−
n+ 12
| n ∈ Z},(7.12)
{Lm, G+n+ 12 | m,n ∈ Z}, {Lm, G
−
n+ 12
| m,n ∈ Z},(7.13)
{Jm, G+n+ 12 | m,n ∈ Z}, {Jm, G
−
n+ 12
| m,n ∈ Z},(7.14)
{Lk, Jm, G+n+ 12 | k,m, n ∈ Z}, {Lk, Jm, G
−
n+ 12
| k,m, n ∈ Z},(7.15)
(7.16) {Lk, Jl, G+m+ 12G
−
n+ 12
| k, l,m, n ∈ Z}.
(This is of course not an exhaustive list.) Interpreting this in terms of the groups
((R∞)2, ◦) and ((R∞)2, ◦∞), respectively, defined in Section 6 for a superalgebra
R, we have the following corollary.
Corollary 7.1. The following are subgroups of ((R∞)2, ◦) and of ((R∞)2, ◦∞)
in correspondence with the subalgebras given in (7.11) – (7.15) for Z = ±Z+,
respectively. 1
(7.17) {(A+,0,0,0) | A+ ∈ (R0)∞}, {(0, A−,0,0) | A− ∈ (R0)∞}, ((R0)∞)2,
{(0,0,M+,0) |M+ ∈ (R1)∞}, {(0,0,0,M−) |M− ∈ (R1)∞},(7.18)
{(A+,0,M+,0) | (A+,M+) ∈ R∞}, {(A+,0,0,M−) | (A+,M−) ∈ R∞}(7.19)
1 In [B4], Proposition 3.15 (which is the analogue of Proposition 6.15 for the N = 1 supercon-
formal case) states that (R1)∞ is a subgroup of R∞ under composition in R∞ defined using formal
N = 1 superconformal local coordinates vanishing at zero. This is false; (R0)∞ is a subgroup,
but (R1)∞ is not.
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{(0, A−,M+,0) | (A−,M+) ∈ R∞}, {(0, A−,0,M−) | (A−,M−) ∈ R∞}(7.20)
{(A+, A−,M+,0) | A+, A− ∈ (R0)∞, M+ ∈ (R1)∞},(7.21)
{(A+, A−,0,M−) | A+, A− ∈ (R0)∞, M− ∈ (R1)∞},(7.22)
where 0 denotes the sequence in (Rj)∞ consisting of all zeros, for j = 0, 1. The
subalgebras given by (7.16) for Z = ±Z+, respectively, correspond to the groups
((R∞)2, ◦) and ((R∞)2, ◦∞), respectively.
We now focus on another subalgebra of ns2, that given by
(7.23) spanC{L±1, L0, J0, G+±1/2, G−±1/2}.
Let W be a Z2-graded vector space over C such that dim W
0 = dim W 1 = 2.
Recall the classical Lie superalgebra ospC(2|2) (cf. [Ka]) the orthogonal-symplectic
superalgebra
ospC(2|2) =




e 0 p q
0 −e r s
s q a b
−r −p c −a

 ∈ glC(2|2)
∣∣∣∣ a, b, c, e, p, q, r, s ∈ C


which is the subalgebra of glC(2|2) leaving the non-degenerate form β on W given
by
β =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0


invariant, meaning β(Xu, v) + (−1)η(X)η(u)β(u,Xv) = 0 for X ∈ ospC(2|2), u, v ∈
W , and X and u homogeneous.
The subalgebra of ns2 given by spanC{L±1, L0, J0, G+±1/2, G−±1/2} is isomorphic
to ospC(2|2). The correspondence

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

←→ − ∂∂x = L−1(x, ϕ+, ϕ−),
1
2


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 −1

←→ −(x ∂∂x + 12 (ϕ+ ∂∂ϕ+ + ϕ− ∂∂ϕ−)) = L0(x, ϕ+, ϕ−),


0 0 0 0
0 0 0 0
0 0 0 0
0 0 −1 0

←→ −(x2 ∂∂x + x(ϕ+ ∂∂ϕ+ + ϕ− ∂∂ϕ−)) = L1(x, ϕ+, ϕ−),


1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

←→ −(ϕ+ ∂∂ϕ+ − ϕ− ∂∂ϕ−) = J0(x, ϕ+, ϕ−),
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
0 0 0 1
0 0 0 0
0 1 0 0
0 0 0 0

←→ −( ∂∂ϕ+ − ϕ− ∂∂x) = G+− 12 (x, ϕ+, ϕ−),


0 0 1 0
0 0 0 0
0 0 0 0
0 −1 0 0

←→ −(x( ∂∂ϕ+ − ϕ− ∂∂x)+ ϕ+ϕ− ∂∂ϕ+) = G+1
2
(x, ϕ+ϕ−),


0 0 0 0
0 0 0 1
1 0 0 0
0 0 0 0

←→ −( ∂∂ϕ− − ϕ+ ∂∂x) = G−− 12 (x, ϕ+, ϕ−),


0 0 0 0
0 0 1 0
0 0 0 0
−1 0 0 0

←→ −(x( ∂∂ϕ− − ϕ+ ∂∂x)− ϕ+ϕ− ∂∂ϕ−) = G−1
2
(x, ϕ+ϕ−),
defines a Lie superalgebra isomorphism between ospC(2|2) and the Lie superalgebra
of infinitesimalN = 2 superconformal transformations generated by L±1(x, ϕ+, ϕ−),
L0(x, ϕ
+, ϕ−), J0(x, ϕ+, ϕ−), G+±1/2(x, ϕ
+, ϕ−), and G−±1/2(x, ϕ
+, ϕ−). Note that
this isomorphism is not unique; for example, the automorphism of ospC(2|2) given
by J0 7→ −J0, G±1/2 7→ G∓1/2, G±−1/2 7→ G∓−1/2, and Lj 7→ Lj for j = 0,±1 gives
another identification.
Let y be an even formal variable and ξ an odd formal variable. Letting X denote
each of the eight matrices above, we observe that
e−yX =


1 0 0 0
0 1 0 0
0 0 1 −y
0 0 0 1

 ,


1 0 0 0
0 1 0 0
0 0 e−
y
2 0
0 0 0 e
y
2

 ,


1 0 0 0
0 1 0 0
0 0 1 0
0 0 y 1




e−y 0 0 0
0 ey 0 0
0 0 1 0
0 0 0 1


e−ξX =


1 0 0 −ξ
0 1 0 0
0 −ξ 1 0
0 0 0 1

 ,


1 0 −ξ 0
0 1 0 0
0 0 1 0
0 ξ 0 1

 ,


1 0 0 0
0 1 0 −ξ
−ξ 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 −ξ 0
0 0 1 0
ξ 0 0 1

 ,
respectively. These are all elements in the connected component of the Lie super-
group OSP (2|2) containing the identity with matrix elements in C[[y]][ξ]. They
THE N = 2 MODULI SPACE 51
have superdeterminant 1, where the superdeterminant is defined as
sdet
(
A B
C D
)
= det(A−BD−1C)(detD)−1.
(In our case, A,B,C and D are all two-by-two matrices.) In fact, for R a super-
algebra with y ∈ R0 and ξ ∈ R1, the eight matrices above generate the connected
component of OSPR(2|2) containing the identity (cf. [D], [Var]). Denote this group
by G.
G acts on an even and an odd formal variable by the N = 2 superprojective
transformations, i.e, for g = e−yX and g = e−ξX above, we have
g · (x, ϕ+, ϕ−)(7.24)
= (x+ y, ϕ+, ϕ−), (eyx, e
y
2ϕ+, e
y
2ϕ−),( x
1− yx, ϕ
+ 1
1− yx , ϕ
− 1
1− yx
)
, (x, eyϕ+, e−yϕ−)
(x+ ϕ−ξ, ξ + ϕ+, ϕ−), (x+ ϕ−ξx, ξx + ϕ+ + ϕ+ϕ−ξ, ϕ−),
(x+ ϕ+ξ, ϕ+, ξ + ϕ−), (x+ ϕ+ξx, ϕ+, ξx+ ϕ− − ϕ+ϕ−ξ),
respectively. These generate the supergroup of N = 2 superprojective transfor-
mations which is the group of global N = 2 superconformal automorphisms of the
super-Riemann sphere studied in Section 5. Thus, ospC(2|2) is the Lie superalgebra
of infinitesimal N = 2 superprojective transformations. Note that for the represen-
tative elements L±1(x, ϕ+, ϕ−), L0(x, ϕ+, ϕ−), J0(x, ϕ+, ϕ−), G+±1/2(x, ϕ
+, ϕ−),
and G−±1/2(x, ϕ
+, ϕ−) in Der(C[x, x−1, ϕ+, ϕ−]), we have
e−yL−1(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−) = (x + y, ϕ+, ϕ−),(7.25)
e−yL0(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−) = (eyx, e y2ϕ+, e y2ϕ−),(7.26)
e−yL1(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−) =
(
x
1− yx , ϕ
+ 1
1− yx, ϕ
− 1
1− yx
)
,(7.27)
e−yJ0(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−) = (x, eyϕ+, e−yϕ−),(7.28)
e
−ξG+
−1/2
(x,ϕ+,ϕ−) · (x, ϕ+, ϕ−) = (x + ϕ−ξ, ξ + ϕ+, ϕ−),(7.29)
e
−ξG+
1/2
(x,ϕ+,ϕ−) · (x, ϕ+, ϕ−) = (x + ϕ−ξx, ξx + ϕ+ + ϕ+ϕ−ξ, ϕ−),(7.30)
e−ξG
−
−1/2
(x,ϕ+,ϕ−) · (x, ϕ+, ϕ−) = (x + ϕ+ξ, ϕ+, ξ + ϕ−),(7.31)
e
−ξG−
1/2
(x,ϕ+,ϕ−) · (x, ϕ+, ϕ−) = (x + ϕ+ξx, ϕ+, ξx+ ϕ− − ϕ+ϕ−ξ),(7.32)
as expected.
In general, a formal N = 2 superprojective transformation T (x, ϕ+, ϕ−) =
(x˜, ϕ˜+, ϕ˜−) has the form
x˜ =
ax+ b
cx+ d
+ ϕ+
e+(γ−x+ δ−)
(cx+ d)2
+ ϕ+
(f+x+ h+)(γ−x+ δ−)
(cx+ d)3
(7.33)
+ϕ−
e−(γ+x+ δ+)
(cx+ d)2
+ ϕ−
(f−x+ h−)(γ+x+ δ+)
(cx+ d)3
+ϕ+ϕ−
2γ+γ−dx− (γ+δ− + δ+γ−)(cx− d)− 2δ+δ−c
(cx+ d)3
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ϕ˜+ =
γ+x+ δ+
cx+ d
+ ϕ+
e+
cx+ d
+ ϕ+
f+x+ h+
(cx+ d)2
+ ϕ+ϕ−
γ+d− δ+c
(cx+ d)2
(7.34)
ϕ˜− =
γ−x+ δ−
cx+ d
+ ϕ−
e−
cx+ d
+ ϕ−
f−x+ h−
(cx + d)2
− ϕ+ϕ− γ
−d− δ−c
(cx+ d)2
(7.35)
for a, b, c, d, e±, f±, h± ∈ ∧0∞ and γ±, δ± ∈ ∧1∞ satisfying
ad− bc = 1,(7.36)
e+e− = 1− γ+δ− + δ+γ−(7.37)
f± = ∓e±γ+γ−d(7.38)
h± = ±e±(δ+δ−c− (γ+δ− + δ+γ−)d∓ δ+δ−γ+γ−d),(7.39)
or equivalently of the form (5.12) – (5.14) (with (w, ρ+, ρ−) = (x, ϕ+, ϕ−)) satis-
fying (7.36) and (7.37). This can be seen by exponentiating a general element of
ospC(2|2) using the above action, or equivalently exponentiating a general infin-
itesimal N = 2 superprojective transformation given by a linear combination of
L±1(x, ϕ+, ϕ−), L0(x, ϕ+, ϕ−), J0(x, ϕ+, ϕ−), G+±1/2(x, ϕ
+, ϕ−), and G−±1/2(x, ϕ
+,
ϕ−).
We note that this general form for the N = 2 superprojective transformations
does not agree with that presented in for instance [BL],[C], [Ki], or [N] or any other
sources in the literature that we have encountered. Below we give a concrete exam-
ple of an N = 2 superprojective transformation that is not of the form given in all
the descriptions we have found in the literature to date. This includes presentations
in [Me] and [Scho] in the “nonhomogeneous” coordinate frame (see Section 11).
Example 7.2. Let A1, A−1 ∈
∧0
∞, and M
±
1
2
∈ ∧1∞. Consider the following formal
N = 2 superprojective transformation.
(7.40) T (x, ϕ+, ϕ−)
= e−A−1L−1(x,ϕ
+,ϕ−)e
−
„
A1L1(x,ϕ
+,ϕ−)+M+1
2
G+1
2
(x,ϕ+,ϕ−)+M−1
2
G−1
2
(x,ϕ+,ϕ−)
«
·
(x, ϕ+, ϕ−)
= e−A−1L−1(x,ϕ
+,ϕ−)e
−
„
M+1
2
G+1
2
(x,ϕ+,ϕ−)+M−1
2
G−1
2
(x,ϕ+,ϕ−)
«
e−A1L1(x,ϕ
+,ϕ−) ·
(x, ϕ+, ϕ−)
= eA−1
∂
∂x e
 
M+1
2
(
x
(
∂
∂ϕ+
−ϕ− ∂∂x
)
+ϕ+ϕ− ∂
∂ϕ+
)
+M−1
2
(
x
(
∂
∂ϕ−
−ϕ+ ∂∂x
)
−ϕ+ϕ− ∂
∂ϕ−
)!
·
e
A1
(
x2 ∂∂x+x
(
ϕ+ ∂
∂ϕ+
+ϕ− ∂
∂ϕ−
))
· (x, ϕ+, ϕ−)
=
(
x+A−1
1−A1(x+A−1) + ϕ
+
M−1
2
(x+ A−1)
1−A1(x+A−1) + ϕ
+
A1M
−
1
2
(x+A−1)2
(1 −A1(x+A−1))2
+ϕ−
M+1
2
(x+A−1)
1−A1(x +A−1) + ϕ
−
A1M
+
1
2
(x+A−1)2
(1−A1(x+A−1))2
+ϕ+ϕ−
2M+1
2
M−1
2
(x+A−1)
1−A1(x+A−1) + ϕ
+ϕ−
4A1M
+
1
2
M−1
2
(x+A−1)2
(1 −A1(x+A−1))2
+ϕ+ϕ−
2A21M
+
1
2
M−1
2
(x+A−1)3
(1−A1(x+A−1))3 ,
M+1
2
(x+A−1)
1−A1(x+A−1)
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+ϕ+
1−M+1
2
M−1
2
(x+A−1)
1−A1(x+A−1) − ϕ
+
A1M
+
1
2
M−1
2
(x +A−1)2
(1−A1(x+A−1))2
+ϕ+ϕ−
M+1
2
1−A1(x +A−1) + ϕ
+ϕ−
A1M
+
1
2
(x+A−1)
(1−A1(x+A−1))2 ,
M−1
2
(x+A−1)
1−A1(x+A−1) + ϕ
−
1 +M+1
2
M−1
2
(x+A−1)
1−A1(x+A−1)
+ϕ−
A1M
+
1
2
M−1
2
(x +A−1)2
(1−A1(x+A−1))2 − ϕ
+ϕ−
M−1
2
1−A1(x+A−1)
−ϕ+ϕ−
A1M
−
1
2
(x+A−1)
(1−A1(x+A−1))2
)
=
(
x+A−1
−A1x+ 1−A1A−1 + ϕ
+
M−1
2
(x+A−1)
(−A1x+ 1−A1A−1)2
+ϕ−
M+1
2
(x+A−1)
(−A1x+ 1−A1A−1)2 + ϕ
+ϕ−
2M+1
2
M−1
2
(x+A−1)
(−A1x+ 1−A1A−1)3 ,
M+1
2
(x+A−1)
−A1x+ 1−A1A−1 + ϕ
+ 1
−A1x+ 1−A1A−1 + ϕ
+
−M+1
2
M−1
2
(x +A−1)
(−A1x+ 1−A1A−1)2
+ϕ+ϕ−
M+1
2
(−A1x+ 1−A1A−1)2 ,
M−1
2
(x+A−1)
−A1x+ 1−A1A−1
+ϕ−
1
−A1x+ 1−A1A−1 + ϕ
−
M+1
2
M−1
2
(x+A−1)
(−A1x+ 1−A1A−1)2
−ϕ+ϕ−
M−1
2
(−A1x+ 1−A1A−1)2
)
which we need to rewrite as
(7.41) T (x, ϕ+, ϕ−)
=
(
x+A−1
−A1x+ 1−A1A−1 + ϕ
+
M−1
2
(x+A−1)
(−A1x+ 1−A1A−1)2 + ϕ
−
M+1
2
(x+A−1)
(−A1x+ 1−A1A−1)2
+ϕ+ϕ−
2M+1
2
M−1
2
(x +A−1)
(−A1x+ 1−A1A−1)3 ,
M+1
2
(x+A−1)
−A1x+ 1−A1A−1
+ϕ+
1 +M+1
2
M−1
2
A−1
−A1x+ 1−A1A−1 + ϕ
+
M+1
2
M−1
2
(−(1−A1A−1)x − 2A−1 +A1A2−1)
(−A1x+ 1−A1A−1)2
+ϕ+ϕ−
M+1
2
(−A1x+ 1−A1A−1)2 ,
M−1
2
(x+A−1)
−A1x+ 1−A1A−1 + ϕ
−
1−M+1
2
M−1
2
A−1
−A1x+ 1−A1A−1
+ϕ−
M+1
2
M−1
2
((1−A1A−1)x+ 2A−1 −A1A2−1)
(−A1x+ 1−A1A−1)2 − ϕ
+ϕ−
M−1
2
(−A1x+ 1−A1A−1)2
)
to be of the form (7.33) – (7.35) satisfying (7.36) – (7.39), where here a = 1,
b = A−1, c = −A1, d = 1 − A1A−1, e± = 1 ±M+1
2
M−1
2
A−1, γ± = M±1
2
, and δ±
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M±1
2
A−1. (And thus by (7.38) and (7.39), we have f± = ∓M+1
2
M−1
2
(1 − A1A−1)
and h± = ±(−M+1
2
M−1
2
A2−1A1 − 2M+1
2
M−1
2
A−1(1−A1A−1)).)
Note that the calculation of T above can either be done by direct expansion of
the exponentials or more easily by observing that letting
T1(x, ϕ
+, ϕ−) = e−A1L1(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−)(7.42)
T2(x, ϕ
+, ϕ−) = e
−
„
M+1
2
G+1
2
(x,ϕ+,ϕ−)+M−1
2
G−1
2
(x,ϕ+,ϕ−)
«
· (x, ϕ+, ϕ−)(7.43)
T3(x, ϕ
+, ϕ−) = e−A−1L−1(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−),(7.44)
then by (7.25), direct expansion, and (7.27), respectively, we have
T1(x, ϕ
+, ϕ−) =
(
x
1−A1x , ϕ
+ 1
1−A1x, ϕ
− 1
1−A1x
)
(7.45)
T2(x, ϕ
+, ϕ−) =
(
x+ ϕ+M−1
2
x+ ϕ−M+1
2
x+ 2ϕ+ϕ−M+1
2
M−1
2
x,(7.46)
M+1
2
x+ ϕ+ − ϕ+M+1
2
M−1
2
x+ ϕ+ϕ−M+1
2
,
M−1
2
x+ ϕ− + ϕ−M+1
2
M−1
2
x− ϕ+ϕ−M−1
2
)
T3(x, ϕ
+, ϕ−) = (x+A−1, ϕ+, ϕ−).(7.47)
By Propositions 6.12 and 6.20, we have T (x, ϕ+, ϕ−) = T1 ◦ T2 ◦ T3(x, ϕ+, ϕ−)
which gives (7.40).
Note that if d ∈ (∧0∞)×, that is if d is invertible, then
(7.48)
f±x+ h±
(cx+ d)2
=
(f± − h±cd )x+ h
±
d (cx + d)
(cx+ d)2
=
(f± − h±cd )x
(cx+ d)2
+
h±
d
cx+ d
,
and the g±(x) term (using the notation (6.3) – (6.5) for a superconformal function)
i.e., the coefficient of ϕ± in ϕ˜± in the N = 2 superprojective transformation can
be written
e±
cx+ d
∓ e
±(γ+γ−dx− δ+δ−c+ (γ+δ− + δ+γ−)d± δ+δ−γ+γ−d)
(cx+ d)2
(7.49)
=
e±(1± (δ+δ− cd − (γ+δ− + δ+γ−)∓ δ+δ−γ+γ−))
cx+ d
∓e± (γ
+γ−d+ δ+δ− c
2
d − (γ+δ− + δ+γ−)c∓ δ+δ−γ+γ−c)x
(cx+ d)2
=
e±(1± (δ+δ− cd − (γ+δ− + δ+γ−)∓ δ+δ−γ+γ−))
cx+ d
∓e± ((γ
+d− δ+c)(γ−d− δ−c)∓ δ+δ−γ+γ−cd)x
d(cx+ d)2
.
In [N], P. Nogueira claims that all N = 2 superprojective transformations are
N = 2 superconformal functions of the form (6.3) – (6.5) with
f(x) =
ax+ b
cx+ d
, ψ±(x) =
γ±x+ δ±
cx+ d
,
g±(x) = e∓iα
(
1 + 12 (δ
+γ− + δ−γ+)− 14δ+δ−γ+γ−
cx+ d
∓ (γ
+d− δ+c)(γ−d− δ−c)x
d(cx+ d)2
)
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with a, b, c, d, α ∈ ∧0∞, and γ±, δ± ∈ ∧1∞ satisfying ad− bc = 1. Setting
e± = e∓iα
1 + 12 (δ
+γ− + δ−γ+)− 14δ+δ−γ+γ−
1± (δ+δ− cd − (γ+δ− + δ+γ−)∓ δ+δ−γ+γ−)
= e∓iα(1 +
1
2
(δ+γ− + δ−γ+)− 5
4
δ+δ−γ+γ− ∓ (δ+δ− c
d
− (γ+δ− + δ+γ−)),
i.e.,
e∓iα = e±(1− 1
2
(δ+γ− + δ−γ+)− 1
4
δ+δ−γ+γ− ± (δ+δ− c
d
− (γ+δ− + δ+γ−))),
it is easy to see that Nogueira’s N = 2 superprojective transformations are equiva-
lent to ours if and only if d is invertible. Since in general though, one can not assume
d is invertible (even if it is nonzero), Nogueira’s N = 2 superprojective transforma-
tions do not exhaust the entire group of N = 2 superprojective transformations and
in fact do not even form a subgroup. In Example 7.2 above, letting A1, A−1 ∈
∧0
∞
such that (A1A−1)B = 1 gives a concrete counter example to Nogueira’s claim of
providing a presentation of the group of N = 2 superprojective transformations. In
addition, it is not possible to deduce the general form of an N = 2 superprojective
transformation from Nogueira’s subset of N = 2 superprojective transformations.
A similar situation occurs if one assumes c is invertible.
Presentations of the group of N = 2 superprojective transformations such as
[C] and [Ki], miss crucial terms such as the f± or h±. The N = 2 superprojective
transformation T given in Example 7.2 gives a counterexample to the claims of Cohn
in [C] and Kiritsis in [Ki] of giving the form of a general N = 2 superprojective
transformation. In fact the transformation T2 given in (7.46) is itself a counter
example to Cohn’s and Kiritsis’ transformations as is the N = 2 superprojective
transformation given by (10.2) which arises from putting an action of the symmetric
group on n ∈ N letters on the moduli space of N = 2 super-Riemann spheres with n
incoming punctures. In [BL], it is easy to see that the transformations given are not
N = 2 superconformal in our sense, i.e., they do not in general satisfy conditions
(6.8).
In [Me] and [Scho], N = 2 superprojective transformations are presented for the
“nonhomogeneous” coordinate system. In Section 11, we discuss this coordinate
system and show that the presentations of N = 2 superprojective transformations
given in [Me] and [Scho] are not the N = 2 superconformal automorphisms of the
super-Riemann sphere in the sense studied in this paper.
8. A reformulation of the moduli space of N = 2 super-Riemann
spheres with tubes
In this section, using the characterization of local N = 2 superconformal coor-
dinates in terms of exponentials of certain infinite sums of superderivations proved
in Section 6, we show that a canonical N = 2 super-Riemann sphere with tubes
can be identified with certain data concerning the punctures and the coefficients of
the infinite sums of superderivations appearing in the expressions for the local co-
ordinates. Thus we can identify the moduli space of N = 2 super-Riemann spheres
with tubes with the set of this data.
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Let
H = {(A+, A−,M+,M−) ∈ (∧∞∞)2 | E˜(A+, A−,M+,M−) is an absolutely
convergent power series in some neighborhood of 0
}
,
and for n ∈ Z+, let
S2Mn−1 =
{(
(z1, θ
+
1 , θ
−
1 ), . . . , (zn−1, θ
+
n−1, θ
−
n−1)
) |
(zj , θ
+
j , θ
−
j ) ∈ (
∧0
∞)
× × (∧1∞)2, (zj)B 6= (zk)B, for j 6= k}.
Note that for n = 1, the set S2M0 has exactly one element.
For any canonical N = 2 supersphere with 1 + n tubes, we can write the power
series expansion of the local coordinate at the k-th puncture (zk, θ
+
k , θ
−
k ), for k =
1, . . . , n, as
Hk(w, ρ
+, ρ−)
= exp
(
−
∑
j∈Z+
(
A
+,(k)
j Lj(x, ϕ
+, ϕ−) +A−,(k)j Jj(x, ϕ
+, ϕ−)
+M
+,(k)
j− 12
G+
j− 12
(x, ϕ+, ϕ−) +M−,(k)
j− 12
G−
j− 12
(x, ϕ+, ϕ−)
))
·(a+,(k)0 )−2L0(x,ϕ
+,ϕ−) ·
(a
−,(k)
0 )
−J0(x,ϕ+,ϕ−) · (x, ϕ+, ϕ−)
∣∣∣
(x,ϕ+,ϕ−)=(w−zk−ρ+θ−k −ρ−θ+k ,ρ+−θ+k ,ρ−−θ−k )
= Eˆ(a
+,(k)
0 , a
−,(k)
0 , A
+,(k), A−,(k),M+,(k),M−,(k))(w − zk − ρ+θ−k − ρ−θ+k ,
ρ+ − θ+k , ρ− − θ−k )
for (a
+,(k)
0 , a
−,(k)
0 , A
+,(k), A−,(k),M+,(k),M−,(k)) ∈ ((∧0∞)×)2/〈±1〉×H, where (zn,
θ+n , θ
−
n ) = 0, and we can write the power series expansion of the local coordinate at
∞ as
H0(w, ρ
+, ρ−)
= exp
(∑
j∈Z+
(
A
+,(0)
j L−j(w, ρ
+, ρ−) +A−,(0)j J−j(w, ρ
+, ρ−)
+M
+,(0)
j− 12
G+−j+ 12
(w, ρ+, ρ−) +M−,(0)
j− 12
G−−j+ 12
(w, ρ+, ρ−)
))
·
( 1
w
,
iρ+
w
,
iρ−
w
)
= E˜(A+,(0),−A−,(0),−iM+,(0),−iM−,(0))
( 1
w
,
iρ+
w
,
iρ−
w
)
for (A+,(0),−A−,(0),−iM+,(0),−iM−,(0)) ∈ H. But (A+,(0),−A−,(0),−iM+,(0),
−iM−,(0)) ∈ H if and only if (A+,(0), A−,(0),M+,(0),M−,(0)) ∈ H. Thus we have
the following two theorems which follow from Theorem 5.10 and the characterization
of local coordinates in terms of infinitesimals given above.
Theorem 8.1. The moduli space of N = 2 super-Riemann spheres with 1+n tubes,
for n ∈ Z+, can be identified with the set
(8.1) S2K(n) = S2Mn−1 ×H× (((∧0∞)×)2/〈±1〉 × H)n.
For N = 2 super-Riemann spheres with one tube, from Theorem 5.10 and equa-
tions (6.26) – (6.28), we have:
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Theorem 8.2. The moduli space of N = 2 super-Riemann spheres with one tube
can be identified with the set
S2K(0) =
{
(A+, A−,M+,M−) ∈ H | A+1 =M+1
2
=M−1
2
= 0
}
.
By Theorems 8.1 and 8.2, we can identify S2K(n) with the moduli space of
N = 2 super-Riemann spheres with 1 + n tubes for n ∈ N, and the set
S2K =
⋃
n∈N
S2K(n)
can be identified with the moduli space of N = 2 super-Riemann spheres with
tubes. The actual elements of S2K give the data for a canonical N = 2 supersphere
representative of a given equivalence class of N = 2 super-Riemann spheres with
tubes moduloN = 2 superconformal equivalence. From now on it will be convenient
to refer to S2K as the moduli space of N = 2 super-Riemann spheres with tubes.
Any element of S2K(n), for n ∈ Z+, can be written as
(8.2)
(
(z1, θ
+
1 , θ
−
1 ), . . . , (zn−1, θ
+
n−1, θ
−
n−1); (A
+,(0), A−,(0),M+,(0),M−,(0)),
(a
+,(1)
0 , a
−,(1)
0 , A
+,(1), A−,(1),M+,(1),M−,(1)), . . . ,
(a
+,(n)
0 a
−,(n)
0 , A
+,(n), A−,(n),M+,(n),M−,(n))
)
where ((z1, θ
+
1 , θ
−
1 ), . . . , (zn−1, θ
+
n−1, θ
−
n−1)) ∈ S2Mn−1, (a+,(k)0 , a−,(k)0 ) ∈ (
∧0
∞)
×)2/
〈±1〉 for k = 1, . . . , n, and (A+,(k), A−,(k),M+,(k),M−,(k)) ∈ H for k = 0, . . . , n.
Thus for an element Q ∈ S2K, we can think of Q as consisting of the above data,
or as being a canonical N = 2 supersphere with tubes corresponding to that data.
The element of H with all components equal to 0 will be denoted by (0,0,0,0)
or just 0. Note that in terms of the chart (U∆,∆) of S
2Cˆ, the local coordi-
nate chart corresponding to (1, 1,0,0,0,0) ∈ ((∧0∞)×)2/〈±1〉 × H is the identity
map on
∧0
∞×(
∧1
∞)
2 if the puncture is at 0, is the shift s(zk,θ+k ,θ
−
k )
(w, ρ+, ρ−) =
(w − zk − ρ+θ−k − ρ−θ+k , ρ+ − θ+k , ρ− − θ−k ) if the puncture is at (zk, θ+k , θ−k ), and
is I(w, ρ+, ρ−) = (1/w, iρ+/w, iρ−/w) if the puncture is at ∞. We call such coor-
dinates standard local coordinates in analogy to the nonsuper case [H2] and N = 1
super case [B4].
9. Generalized N = 2 super-Riemann spheres with tubes and group
structures on subsets of the moduli space of N = 2 super-Riemann
spheres with one incoming tube
Let
S2K(n) = S2Mn−1 × (∧∞∞)2/〈±1〉 × ((∧0∞)× ×∧∞∞)2n,
for n ∈ Z+, and
S2K(0) =
{
(A+, A−,M+,M−) ∈ (∧∞∞)2 ∣∣ A+1 =M+1
2
=M−1
2
= 0
}
.
Elements of S2K =
⋃
n∈N S2K(n) are called generalized (or formal) N = 2 super-
Riemann spheres with tubes. Note that S2K ( S2K.
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Let Q1 ∈ S2K(n), for n ∈ Z+, be given by
Q1 =
(
(z1, θ
+
1 , θ
−
1 ), ..., (zn−1, θ
+
n−1, θ
−
n−1); (A
+,(0), A−,(0),M+,(0),M−,(0)),
(a
+,(1)
0 , a
−,(1)
0 , A
+,(1), A−,(1),M+,(1),M−,(1)), . . . ,
(a
+,(n)
0 , a
−,(n)
0 , A
+,(n), A−,(n),M+,(n),M−,(n))
)
,
and let Q2 = (0, (b
+,(1)
0 , b
−,(1)
0 , B
+,(1), B−,(1), N+,(1), N−,(1))) be an element of
S2K(1), where 0 denotes the sequence in
∧∞
∞ consisting of all zeros. For 1 ≤ k ≤ n,
we define the sewing together of the puncture at infinity (the 0-th puncture) of Q2
to the k-th puncture of Q1, denoted Q1 k∞0 Q2 ∈ S2K(n), by
(9.1) Q1 k∞0 Q2 =
(
(z1, θ
+
1 , θ
−
1 ), ..., (zn−1, θ
+
n−1, θ
−
n−1); (A
+,(0), A−,(0),M+,(0),
M−,(0)), (a+,(1)0 , a
−,(1)
0 , A
+,(1), A−,(1),M+,(1),M−,(1)), . . . ,
(a
+,(k−1)
0 , a
−,(k−1)
0 , A
+,(k−1), A−,(k−1),M+,(k−1),M−,(k−1)), (a+,(k)0 ,
a
−,(k)
0 , A
+,(k), A−,(k),M+,(k),M−,(k)) ◦ (b+,(1)0 , b−,(1)0 , B+,(1), B−,(1),
N+,(1), N−,(1)), (a+,(k+1)0 , a
−,(k+1)
0 , A
+,(k+1), A−,(k+1),M+,(k+1),
M−,(k+1)), . . . , (a+,(n)0 , a
−,(n)
0 , A
+,(n), A−,(n),M+,(n),M−,(n))
)
,
where the operation ◦ on ((∧0∞)×)2/〈±1〉 × (∧∞∞)2 is defined by (6.67) with R =∧
∞.
Similarly, for Q3 = ((B
+,(0), B−,(0), N+,(0), N−,(0)), (1, 1,0)) ∈ S2K(1), we de-
fine the sewing together of the puncture at infinity (the 0-th puncture) of Q1 to the
1-st puncture of Q3, denoted Q3 1∞0 Q1 ∈ S2K(n), by
(9.2) Q3 1∞0 Q1 =
(
(z1, θ
+
1 , θ
−
1 ), ..., (zn−1, θ
+
n−1, θ
−
n−1); (A
+,(0), A−,(0),M+,(0),
M−,(0)) ◦∞ (B+,(0), B−,(0), N+,(0), N−,(0)), (a+,(1)0 , a−,(1)0 , A+,(1), A−,(1),
M+,(1),M−,(1)), . . . , (a+,(n)0 , a
−,(n)
0 , A
+,(n), A−,(n),M+,(n),M−,(n))
)
,
where the operation ◦∞ on (
∧∞
∞)
2 is defined by (6.80) and (6.81) for R =
∧
∞.
Proposition 9.1. The subsets of S2K(1) given by
S2K(1)|0 = {(0, (a+0 , a−0 , A+, A−,M+,M−)) ∈ S2K(1)}
and
S2K(1)|∞ = {((A+, A−,M+,M−), (1, 1,0)) ∈ S2K(1)}
with the sewing operation 1∞0 as defined above are groups. The group S2K(1)|0
is isomorphic to the group ((
∧0
∞)
×)2/〈±1〉 × (∧∞∞)2 discussed in Proposition 6.15
and Remark 6.16 with R =
∧
∞. The subgroup of S2K(1)|0 given by
(9.3) {(0, (1, 1, A+, A−,M+,M−)) ∈ S2K(1)|0}
is a subgroup isomorphic to the subgroup (
∧∞
∞)
2 of ((
∧0
∞)
×)2/〈±1〉× (∧∞∞)2 under
the group operation ◦. The group S2K(1)|∞ is isomorphic to the group (
∧∞
∞)
2 with
group operation ◦∞ discussed in Corollary 6.21 and Remark 6.22 with R =
∧
∞.
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In addition, under these group isomorphisms, we have the subgroups of (9.3) and
S2K(1)|∞ corresponding to those given in Corollary 7.1.
The subset S2K(1)|0 = ((
∧0
∞)
×)2/〈±1〉×H is a subgroup of S2K(1)|0 = ((
∧0
∞)
×)2
/〈±1〉× (∧∞∞)2. This subgroup is isomorphic to the group of local N = 2 supercon-
formal transformations vanishing at 0. Similarly, the subset S2K(1)|∞ = H is a
subgroup of S2K(1)|∞ = (
∧∞
∞)
2. This subgroup is isomorphic to the group of local
N = 2 superconformal transformations vanishing at ∞.
If (A+, A−,M+,M−) ∈ (∧∞∞)2, a±0 ∈ (∧0∞)×, and t ∈ ∧0∞, then
t 7→ (0, ((a+0 )t, 1,0))
t 7→ (0, (1, (a−0 )t,0))
t 7→ (0, (1, 1, t(A+.A−,M+,M−)))
give homomorphisms from the additive group
∧0
∞ to S2K(1)|0, and
t 7→ (t(A+, A−,M+,M−), (1, 1,0))
gives a homomorphism from
∧0
∞ to S2K(1)|∞.
Let t1, t2 ∈
∧0
∞, and (A
+, A−,M+,M−) ∈ (∧∞∞)2. Assume
t1(A
+, A−,M+,M−), t2(A+.A−,M+,M−) ∈ H.
Then (t1 + t2)(A
+, A−,M+,M−) ∈ H, and we have(
0, (1, 1, (t1 + t2)(A
+, A−,M+,M−))
)
(9.4)
=
(
0, (1, 1, t1(A
+, A−,M+,M−)
)
1∞0
(
0, (1, 1, t2(A
+, A−,M+,M−)
)
,(
(t1 + t2)(A
+, A−,M+,M−), (1, 1,0)
)
(9.5)
=
(
t1(A
+, A−,M+,M−), (1, 1,0)
)
1∞0
(
t2(A
+, A−,M+,M−), (1, 1,0)
)
.
In particular, for (A+, A−,M+,M−) ∈ H, the sets
(9.6)
{(
0, (1, 1, t(A+, A−,M+,M−)
) | t ∈ ∧0∞, t(A+, A−,M+,M−) ∈ H}
and
(9.7)
{(
t(A+, A−,M+,M−), (1, 1,0)
) | t ∈ ∧0∞, t(A+, A−,M+,M−) ∈ H}
are subgroups of S2K(1)|0 and S2K(1)|∞, respectively.
Proof. From the definition of the sewing operation defined above, it follows from
Proposition 6.15 and Corollary 6.21 that (S2K(1)|0, 1∞0 ) and (S2K(1)|∞, 1∞0 )
are groups isomorphic to (((R0)×)2/〈±1〉×(R∞)2, ◦) and ((R∞)2, ◦∞), respectively,
with R =
∧
∞.
From the definition of the operation 1∞0 , Proposition 6.15 and equation (6.68),
we have(
0, ((a+0 )
t1 , (a−0 )
t1 , t1(A
+, A−,M+,M−))) 1∞0 (0, ((a+0 )t2 , (a−0 )t2 , t2(A+, A−,
M+,M−))
)
=
(
0,
(
(a+0 )
t1(a+0 )
t2 , (a−0 )
t1(a−0 )
t2 , t1(A
+, A−,M+,M−) ◦ t2
{
(a+0 )
t12jA+j ,
(a+0 )
t12jA−j , (a
+
0 )
t1(2j−1)(a−0 )
−t1M+
j− 12
, (a+0 )
t1(2j−1)(a−0 )
t1M−
j− 12
}
j∈Z+
))
.
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Therefore(
0, ((a+0 )
t1 , 1,0)) 1∞0 (0, ((a+0 )t2 , 1,0)
)
=
(
0, ((a+0 )
t1+t2 , 1,0)
)
(9.8) (
0, (1, (a−0 )
t1 ,0)) 1∞0 (0, (1, (a−0 )t2 ,0)
)
=
(
0, (1, (a−0 )
t1+t2 ,0)
)
(9.9)
and
(9.10)
(
0, (1, 1, t1(A
+, A−,M+,M−))) 1∞0 (0, (1, 1, t2(A+, A−,M+,M−))
)
=
(
0, (1, 1, (t1 + t2)(A
+, A−,M+,M−))
)
.
Thus the maps t 7→ (0, ((a+0 )t, 1,0)), t 7→ (0, (1, (a−0 )t,0)) and t 7→ (0, (1, 1, t(A+, A−,
M+,M−)) are homomorphisms from
∧0
∞ to S2K(1)|0. In addition, by Corollary
6.21 (
t1(A
+, A−,M+,M−), (1, 1,0)) 1∞0 (t2(A+, A−,M+,M−), (1, 1,0)
)
=
(
t1(A
+, A−,M+,M−) ◦∞ t2(A+, A−,M+,M−), (1, 1,0)
)
=
(
(t1 + t2)(A
+, A−,M+,M−), (1, 1,0)
)
.
Thus t 7→ (t(A+, A−,M+,M−), (1, 1,0)) is a homomorphism from∧0∞ to S2K(1)|∞.
Let
Ht1(x, ϕ
+, ϕ−) = E˜(t1A+, t!A−, t1M+, t1M−),(9.11)
Ht2(x, ϕ
+, ϕ−) = E˜(t2A+, t2A−, t2M+, t2M−).(9.12)
Since t1(A
+, A−,M+,M−), and t2(A+, A−,M+,M−) are in H, the superfunc-
tions Ht1(w, ρ
+, ρ−) and Ht2(w, ρ+, ρ−) are convergent in a neighborhood of 0 ∈∧0
∞⊕(
∧1
∞)
2. Hence Ht1 ◦ Ht2(w, ρ+, ρ−) and Ht2 ◦ Ht1(w, ρ+, ρ−) are conver-
gent in a neighborhood of 0. Thus by (6.65), we see that t1(A
+, A−,M+,M−) ◦
t2(A
+, A−,M+,M−) and t2(A+, A−,M+,M−) ◦ t1(A+, A−,M+,M−) are in H.
By Proposition 6.15,
(t1 + t2)(A
+, A−,M+,M−) = t1(A+, A−,M+,M−) ◦ t2(A+, A−,M+,M−)
= t2(A
+, A−,M+,M−) ◦ t1(A+.A−,M+,M−).
Thus (t1+ t2)(A
+, A−,M+,M−) ∈ H. From the definition of the operation 1∞0 ,
we see that(
0, (1, 1, t1(A
+, A−,M+,M−) ◦ t2(A+, A−M+,M−))
)
=
(
0, (1, 1, t1(A
+, A−,M+,M−)
)
1∞0
(
0, (1, 1, t2(A
+, A−,M+,M−)
)
.
This then gives (9.4).
Similarly, let
Ht1 ◦ I−1(x, ϕ+, ϕ−) = E˜(t1A+,−t1A−,−it1M+,−it1M−),(9.13)
Ht2 ◦ I−1(x, ϕ+, ϕ−) = E˜(t2A+,−t2A−,−it2M+,−it2M−).(9.14)
Since t1(A
+, A−,M+,M−), and t2(A+, A−,M+,M−) are in H, the superfunc-
tions Ht1(w, ρ
+, ρ−) and Ht2(w, ρ+, ρ−) are convergent in a neighborhood of ∞ ∈∧0
∞⊕(
∧1
∞)
2. Hence Ht1 ◦ I−1 ◦ Ht2(w, ρ+, ρ−) and Ht2 ◦ I−1 ◦ Ht1(w, ρ+, ρ−)
are convergent in a neighborhood of ∞. Thus by (6.80) and (6.81) we see that
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t1(A
+, A−,M+,M−)◦∞ t2(A+, A−,M+,M−) and t2(A+, A−,M+,M−)◦∞ t1(A+,
A−,M+,M−) are in H. By Corollary 6.21,
(t1 + t2)(A
+, A−,M+,M−) = t1(A+, A−,M+,M−) ◦∞ t2(A+, A−,M+,M−)
= t2(A
+, A−,M+,M−) ◦∞ t1(A+.A−,M+,M−).
Thus (t1+ t2)(A
+, A−,M+,M−) ∈ H. From the definition of the operation 1∞0 ,
we see that
(
(t1(A
+, A−,M+,M−) ◦∞ t2(A+, A−M+,M−)), (1, 1,0)
)
=
(
t1(A
+, A−,M+,M−), (1, 1,0)
)
1∞0
(
t2(A
+, A−,M+,M−), (1, 1,0)
)
.
This then gives (9.5). 
Remark 9.2. By the proposition above,
{
(0, (1, 1, t(A+, A−,M+,M−)) | t ∈ ∧0∞, (A+, A−,M+,M−) ∈ (∧∞∞)2}(9.15) {
(t(A+, A−,M+,M−), (1, 1,0)) | t ∈ ∧0∞, (A+, A−,M+,M−) ∈ (∧∞∞)2}(9.16)
are (1, 0)-dimensional Lie supergroups over
∧
∞, i.e., they are abstract groups which
are also (1, 0)-dimensional superanalytic supermanifolds with superanalytic group
multiplication and inverse mappings, (cf. [Var]). But elements of (9.15) and (9.16)
are in general not in S2K(1), even if (A+, A−,M+,M−) ∈ H. This is one of our
motivations for introducing generalized N = 2 super-Riemann spheres with tubes.
Remark 9.3. We use the notation 1∞0 for the group operation on S2K(1)|0 and
S2K(1)|∞ in analogy to the notation of [Vaf], [H2], and [B4] where this notation is
used to denote the sewing together of elements in the moduli space of spheres with
tubes or, in the latter case, N = 1 superspheres with tubes. In subsequent work, we
will define a sewing operation on the moduli space of N = 2 super-Riemann spheres
with tubes, and this sewing operation will coincide with the group operation 1∞0
on S2K(1)|0 and S2K(1)|∞ as defined above.
10. An action of the symmetric group Sn on the moduli space S
2K(n)
In this section, we introduce an action of the symmetric group on n letters on
the moduli space of N = 2 super-Riemann spheres with 1 + n tubes.
Let Sn be the permutation group on n letters, for n ∈ Z+. There is a natural
action of Sn−1 on S2K(n) defined by permuting the ordering on the first n − 1
positively oriented punctures and their local coordinates. More explicitly, for σ ∈
Sn−1, and Q ∈ S2K(n) given by
Q =
(
(z1, θ
+
1 , θ
−
1 ), . . . , (zn−1, θ
+
n−1, θ
−
n−1); (A
+,(0), A−,(0),M+,(0),M−,(0)),
(a
+,(1)
0 , a
−,(1)
0 , A
+,(1), A−,(1),M+,(1),M+,(1)), . . . ,
(a
+,(n)
0 , a
−,(n)
0 , A
+,(n), A−,(n),M+,(n),M+,(n))
)
,
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we define
σ(Q) =
(
(zσ−1(1), θ
+
σ−1(1), θ
−
σ−1(1)), . . . , (zσ−1(n−1), θ
+
σ−1(n−1), θ
−
σ−1(n−1));
(A+,(0), A−,(0),M+,(0),M−,(0)), (a+,(σ
−1(1))
0 , a
−,(σ−1(1))
0 , A
+,(σ−1(1)),
A−,(σ
−1(1)),M+,(σ
−1(1)),M−,(σ
−1(1))), . . . , (a
+,(σ−1(n−1))
0 , a
−,(σ−1(n−1))
0 ,
A+,(σ
−1(n−1)), A−,(σ
−1(n−1)),M+,(σ
−1(n−1)),M−,(σ
−1(n−1))),
(a
+,(n)
0 , a
−,(n)
0 , A
+,(n), A−,(n),M+,(n),M+,(n))
)
.
To extend this to an action of Sn on S
2K(n), we first note that Sn is generated by
the symmetric group on the first n− 1 letters Sn−1 and the transposition (n− 1 n).
We can let (n−1 n) act on S2K(n) by permuting the (n−1)-th and n-th punctures
and their local coordinates for a canonical N = 2 supersphere with 1+n tubes but
the resulting N = 2 super-Riemann sphere with 1 + n tubes is not canonical. To
obtain the N = 2 superconformally equivalent canonical supersphere, we have to
translate the new n-th puncture to 0. This translation will change the coordinates of
all of the positively oriented punctures, and the local coordinates vanishing at those
punctures will be shifted to vanish at the new puncture, but the infinitesimals will
remain the same. On the other hand, the translation will not change the location of
the negatively oriented puncture (at infinity) but will change the local coordinate
at ∞. This translation is given by
T∆ :
∧0
∞ ⊕ (
∧1
∞)
2 −→ ∧0∞ ⊕ (∧1∞)2
(w, ρ+, ρ−) 7→ (w − zn−1 − ρ+θ−n−1 − ρ−θ+n−1, ρ+ − θ+n−1, ρ− − θ−n−1),
that is
(10.1)
T∆(w, ρ
+, ρ−) = e
zn−1L−1(w,ρ
+,ρ−)+θ+n−1G
+
− 1
2
(w,ρ+,ρ−)+θ−n−1G
−
− 1
2
(w,ρ+,ρ−) ·(w, ρ+, ρ−),
and thus by (5.22), we have T : S2Cˆ→ S2Cˆ is given by
T (p) =
{
∆−1 ◦ T∆ ◦∆(p) if p ∈ U∆,
Υ−1 ◦ TΥ ◦Υ(p) if p ∈ UΥ rΥ−1(({( 1zn−1 )B} × (
∧0
∞)S)⊕ (
∧1
∞)
2)
where
TΥ(w, ρ
+, ρ−)(10.2)
=
(
w
1− wzn−1 +
iρ+θ−n−1w
(1− wzn−1)2 +
iρ−θ+n−1w
(1− wzn−1)2 −
2ρ+ρ−θ+n−1θ
−
n−1w
(1− wzn−1)3 ,
iθ+n−1w
1− wzn−1 +
ρ+
1− wzn−1 +
ρ+θ+n−1θ
−
n−1w
(1− wzn−1)2 +
iρ+ρ−θ+n−1
(1− wzn−1)2
iθ−n−1w
1− wzn−1 +
ρ−
1− wzn−1 −
ρ−θ+n−1θ
−
n−1w
(1− wzn−1)2 −
iρ+ρ−θ−n−1
(1− wzn−1)2
)
= e
−zn−1L1(w,ρ+,ρ−)−iθ+n−1G+1
2
(w,ρ+,ρ−)−iθ−n−1G−1
2
(w,ρ+,ρ−) · (w, ρ+, ρ−).
The new local coordinate at infinity can be written as
(10.3) E˜(A˜+,(0),−A˜−,(0),−iM˜+,(0),−iM˜+,(0))(1/w, iρ+/w, iρ−/w),
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and it is determined by the old local coordinate at infinity and the superprojective
transformation T via
(10.4) E˜(A˜+,(0),−A˜−,(0),−iM˜+,(0),−iM˜+,(0))
( 1
w
,
iρ+
w
,
iρ−
w
)
= E˜(A+,(0),−A−,(0),−iM+,(0),−iM−,(0)) ◦ I ◦ T−1∆ (w, ρ+, ρ−).
Using Proposition 6.20, we have
E˜(A˜+,(0),−A˜−,(0),−iM˜+,(0),−iM˜+,(0))
( 1
w
,
iρ+
w
,
iρ−
w
)
(10.5)
= exp
(∑
j∈Z+
(
A˜
+,(0)
j L−j(w, ρ
+, ρ−) + A˜+,(0)j J−j(w, ρ
+, ρ−)
+M˜
+,(0)
j− 12
G+−j+ 12
(w, ρ+, ρ−) + M˜−,(0)
j− 12
G−−j+ 12
(w, ρ+, ρ−)
))
·
( 1
w
,
iρ+
w
,
iρ−
w
)
= exp
(∑
j∈Z+
(
A
+,(0)
j L−j(x, ϕ
+, ϕ−) +A−,(0)j J−j(x, ϕ
+, ϕ−)
+M
+,(0)
j− 12
G+−j+ 12
(x, ϕ+, ϕ−) +M−,(0)
j− 12
G−−j+ 12
(x, ϕ+, ϕ−)
))
·
·
( 1
x
,
iϕ+
x
,
iϕ−
x
)∣∣∣∣
(x,ϕ+,ϕ−)=(w+zn−1+ρ+θ
−
n−1+ρ
−θ+n−1,ρ
++θ+n−1,ρ
−+θ−n−1)
= e
−zn−1L−1(w,ρ+,ρ−)−θ+n−1G+− 1
2
(w,ρ+,ρ−)−θ−n−1G−− 1
2
(w,ρ+,ρ−) ·
exp
(∑
j∈Z+
(
A
+,(0)
j L−j(w, ρ
+, ρ−) +A−,(0)j J−j(w, ρ
+, ρ−)
+M
+,(0)
j− 12
G+−j+ 12
(w, ρ+, ρ−) +M−,(0)
j− 12
G−−j+ 12
(w, ρ+, ρ−)
))
·
( 1
w
,
iρ+
w
,
iρ−
w
)
.
Then
(n− 1 n)(Q)(10.6)
=
(
∞, (z1, θ+1 , θ−1 ), . . . , (zn−2, θ+n−2, θ−n−2), 0, (zn−1, θ+n−1, θ−n−1); (A+,(0), A−,(0),
M+,(0),M−,(0)), (a+,(1)0 , a
−,(1)
0 , A
+,(1), A−,(1),M+,(1),M−,(1)), . . .
(a
+,(n−2)
0 , a
−,(n−2)
0 , A
+,(n−2), A−,(n−2),M+,(n−2),M−,(n−2)), (a+,(n)0 ,
a
−,(n)
0 , A
+,(n), A−,(n),M+,(n),M−,(n)), (a+,(n−1)0 , a
−,(n−1)
0 , A
+,(n−1),
A−,(n−1),M+,(n−1),M−,(n−1))
)
=
(
∞, (z1 − zn−1 − θ+1 θ−n−1 − θ−1 θ+n−1, θ+1 − θ+n−1, θ−1 − θ−n−1), (z2 − zn−1
−θ+2 θ−n−1 − θ−2 θ+n−1, θ+2 − θ+n−1, θ−2 − θ−n−1), . . . , (zn−2 − zn−1 − θ+n−2θ−n−1
−θ−n−2θ+n−1, θ+n−2 − θ+n−1, θ−n−2 − θ−n−1), (−zn−1,−θ+n−1,−θ−n−1), 0; (A˜+,(0),
A˜−,(0), M˜+,(0), M˜−,(0)), (a+,(1)0 , a
−,(1)
0 , A
+,(1), A−,(1),M+,(1),M−,(1)), . . . ,
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(a
+,(n−2)
0 , a
−,(n−2)
0 , A
+,(n−2), A−,(n−2),M+,(n−2),M−,(n−2)), (a+,(n)0 ,
a
−,(n)
0 , A
+,(n), A−,(n),M+,(n),M−,(n)), (a+,(n−1)0 , a
−,(n−1)
0 , A
+,(n−1),
A−,(n−1),M+,(n−1),M−,(n−1))
)
∈ S2K(n).
Thus we have an action of Sn on S
2K(n).
11. The nonhomogeneous coordinate system
So far we have restricted our attention to what we call the “homogeneous” co-
ordinate system, denoted by N = 2 supercoordinates (z, θ+, θ−) or (w, ρ+, ρ−) and
by formal N = 2 variables (x, ϕ+, ϕ−). In this section, we transfer some of our
results to the “nonhomogeneous” N = 2 supercoordinates which we denote by
(z, θ, θ∗) or (w, ρ, ρ∗) and by formal N = 2 variables (x, ϕ, ϕ∗). This is a stan-
dard transformation in N = 2 superconformal field theory (cf. [C], [DRS], [N]). We
call these coordinate systems “homogeneous” and “nonhomogeneous”, respectively,
due to the transformation properties of a nonhomogeneous N = 2 superconformal
function on the corresponding nonhomogeneous superconformal operators D and
D∗ defined below as described in Remark 11.1, and due to the action of the Jj
terms, for j ∈ Z, in the algebra of infinitesimals as described in Remark 11.2. The
transformation from homogeneous to nonhomogeneous coordinates is given by
(11.1) θ =
1√
2
(
θ+ + θ−
)
and θ∗ = − i√
2
(
θ+ − θ−) ,
or equivalently
(11.2) θ± =
1√
2
(θ ± iθ∗) .
Then we have that
∂
∂θ±
=
1√
2
( ∂
∂θ
∓ i ∂
∂θ∗
)
or equivalently
∂
∂θ
=
1√
2
( ∂
∂θ+
+
∂
∂θ−
)
and
∂
∂θ∗
=
i√
2
( ∂
∂θ+
− ∂
∂θ−
)
.
Thus
(11.3) D± =
1√
2
( ∂
∂θ
∓ i ∂
∂θ∗
)
+
1√
2
(θ ∓ iθ∗) ∂
∂z
.
Then we define the superderivations D and D∗ by
D = 1√
2
(D+ +D−) =
∂
∂θ
+ θ
∂
∂z
(11.4)
D∗ = − i√
2
(D+ −D−) = −
(
∂
∂θ∗
+ θ∗
∂
∂z
)
.(11.5)
Note that then
D± =
1√
2
(D ± iD∗)(11.6)
[D,D∗] = 0(11.7)
[D,D] = [D∗, D∗] = 2
∂
∂z
.(11.8)
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A homogeneous N = 2 superconformal function H(z, θ+, θ−) transforms D± ho-
mogeneously of degree one. Under the transformation from homogeneous to nonho-
mogeneous coordinates we see that the conditions for H(z, θ+, θ−) = (z˜, θ˜+, θ˜−) to
transform D± homogeneously of degree one, i.e., that H satisfies conditions (3.7)
– (3.10), is equivalent to H(z, θ, θ∗) = (z˜, θ˜, θ˜∗) satisfying
Dθ˜ +D∗θ˜∗ = 0(11.9)
Dθ˜∗ −D∗θ˜ = 0(11.10)
Dz˜ − θ˜Dθ˜ − θ˜∗Dθ˜∗ = 0(11.11)
D∗z˜ − θ˜D∗θ˜ − θ˜∗D∗θ˜∗ = 0.(11.12)
In general, an N = 2 superanalytic superfunction H(z, θ, θ∗) from
∧0
∞⊕(
∧1
∞)
2 to∧0
∞⊕(
∧1
∞)
2 transforms D and D∗ by
D = (Dθ˜)D˜ − (Dθ˜∗)D˜∗ +
(
Dz˜ − θ˜Dθ˜ − θ˜∗Dθ˜∗
)
D2
D∗ = (D∗θ˜)D˜ − (D∗θ˜∗)D˜∗ +
(
D∗z˜ − θ˜D∗θ˜ − θ˜∗D∗θ˜∗
)
(D˜∗)2.
Thus a homogeneous N = 2 superconformal function is equivalent to a nonho-
mogeneous N = 2 superanalytic superfunction transforming D, respectively D∗,
as D = (Dθ˜)D˜ − (Dθ˜∗)D˜∗ = (Dθ˜)D˜ − (D∗θ˜)D˜∗, respectively D∗ = (D∗θ˜)D˜ −
(D∗θ˜∗)D˜∗ = (D∗θ˜)D˜ + (Dθ˜)D˜∗. We will call a nonhomogeneous N = 2 super-
analytic function satisfying conditions (11.9) – (11.12), a nonhomogeneous N = 2
superconformal function. Note that with this definition, a homogeneous N = 2
superfunction H(z, θ+, θ−) is superconformal if and only if the corresponding non-
homogeneous N = 2 superfunction H(z, θ, θ∗) is superconformal in the above sense.
Remark 11.1. From the properties derived above for a nonhomogeneous N = 2
superconformal function, we see one of the reasons for our terminology. Namely,
that a nonhomogeneous N = 2 superconformal function does not transform the
superderivations D and D∗, respectively, homogeneously of degree one. Instead
it transforms them as D = (Dθ˜)D˜ − (Dθ˜∗)D˜∗ and D∗ = (D∗θ˜)D˜ − (D∗θ˜∗)D˜∗,
respectively – unlike the homogeneous nature of the transformation of D± under a
homogeneous N = 2 superconformal function. In the latter case the superderiva-
tions transform homogeneously as D± = (D±θ˜±)D˜±.
The conditions (11.9) – (11.12) imply that a nonhomogeneous N = 2 supercon-
formal function H(z, θ, θ∗) = (z˜, θ˜, θ˜∗) is of the form
z˜ = f(z) + θ(g(z)ψ(z) + g∗(z)ψ∗(z)) + θ∗(g(z)ψ∗(z)− g∗(z)ψ(z))(11.13)
− θθ∗(ψ(z)ψ∗(z))′
θ˜ = ψ(z) + θg(z)− θ∗g∗(z) + θθ∗(ψ∗)′(z)(11.14)
θ˜∗ = ψ∗(z) + θg∗(z) + θ∗g(z)− θθ∗ψ′(z).(11.15)
satisfying
(11.16) f ′(z) = g2(z) + (g∗)2(z)− ψ(z)ψ′(z)− ψ∗(z)(ψ∗)′(z),
for even superanalytic (1, 0)-superfunctions f, g and g∗ and odd superanalytic (1, 0)-
superfunctions ψ, ψ∗. Note that, in the correspondence between homogeneous and
nonhomogeneous N = 2 superconformal functions given by (3.11) – (3.14), and
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(11.13) – (11.16), respectively, we have that ψ±(x) = 1√
2
(ψ(x) ± iψ∗(x)) and
g±(x) = g(x)± ig∗(x).
Under the transformation from homogeneous to nonhomogeneous coordinates,
we see that the formal infinitesimal homogeneous N = 2 superconformal transfor-
mations generated by the superderivations (6.13) – (6.15) in Der(C[x, x−1, ϕ+, ϕ−])
give the formal infinitesimal nonhomogeneous N = 2 superconformal transforma-
tions as being generated by the following superderivations in Der(C[x, x−1, ϕ, ϕ∗])
Lj(x, ϕ, ϕ
∗) = −
(
xj+1
∂
∂x
+ (
j + 1
2
)xj
(
ϕ
∂
∂ϕ
+ ϕ∗
∂
∂ϕ∗
))
(11.17)
Jj(x, ϕ, ϕ
∗) = ixj
(
ϕ
∂
∂ϕ∗
− ϕ∗ ∂
∂ϕ
)
(11.18)
Gj− 12 (x, ϕ, ϕ
∗) =
1√
2
(
G+
j− 12
(x, ϕ+, ϕ−) +G−
j− 12
(x, ϕ+, ϕ−)
)
(11.19)
= −
(
xj
( ∂
∂ϕ
− ϕ ∂
∂x
)
− jxj−1ϕϕ∗ ∂
∂ϕ∗
)
G∗j− 12 (x, ϕ, ϕ
∗) = − i√
2
(
G+
j− 12
(x, ϕ+, ϕ−)−G−
j− 12
(x, ϕ+, ϕ−)
)
(11.20)
=
(
xj
( ∂
∂ϕ∗
− ϕ∗ ∂
∂x
)
+ jxj−1ϕϕ∗
∂
∂ϕ
)
for formal nonhomogeneous variables (x, ϕ, ϕ∗) and for j ∈ Z.
These superderivations satisfy the relations for the “nonhomogeneous N = 2
Neveu-Schwarz algebra with central charge zero”. The nonhomogeneous N = 2
Neveu-Schwarz algebra with central charge d is the Lie superalgebra with basis
consisting of the central charge d, even elements Ln and Jn and odd elements
Gn+1/2 and G
∗
n+1/2, for n ∈ Z, and commutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0 d,(11.21)
[Jm, Jn] =
1
3
mδm+n,0 d,(11.22)
[Lm, Jn] = −nJm+n,(11.23) [
Lm, Gn+ 12
]
=
(m
2
− n− 1
2
)
Gm+n+ 12 ,(11.24) [
Lm, G
∗
n+ 12
]
=
(m
2
− n− 1
2
)
G∗m+n+ 12 ,(11.25) [
Jm, Gn+ 12
]
= iG∗m+n+ 12 ,(11.26) [
Jm, G
∗
n+ 12
]
= −iGm+n+ 12 ,(11.27) [
Gm+ 12 , Gn− 12
]
= 2Lm+n +
1
3
(m2 +m)δm+n,0 d,(11.28) [
G∗m+ 12 , G
∗
n− 12
]
= 2Lm+n +
1
3
(m2 +m)δm+n,0 d,(11.29) [
Gm+ 12 , G
∗
n− 12
]
= i(m− n+ 1)Jm+n.(11.30)
Note that in general, if L(n), J(n), G±(n + 1/2) give a representation of the (ho-
mogeneous) N = 2 Neveu-Schwarz algebra with central charge c (i.e., satisfy the
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relations (7.1) – (7.7)), then letting
G(n+
1
2
) =
1√
2
(
G+(n+
1
2
) +G−(n+
1
2
)
)
(11.31)
G∗(n+
1
2
) =
−i√
2
(
G+(n+
1
2
)−G−(n+ 1
2
)
)
,(11.32)
(or equivalently G±(n + 1/2) = 1√
2
(G(n + 1/2) ± iG∗(n + 1/2))) we have that
L(n), J(n), G(n + 1/2), G∗(n + 1/2) give a representation of the nonhomogeneous
N = 2 Neveu-Schwarz algebra with central charge c.
Remark 11.2. We see in the commutation relations (7.1) – (7.7) for the (homoge-
neous) N = 2 Neveu-Schwarz algebra in comparison to the commutation relations
(11.21) – (11.30) for the nonhomogeneous N = 2 Neveu-Schwarz algebra another
justification for our terminology “homogeneous” and “nonhomogeneous”. In the
former case, the commutator of Jm with G
±
n+1/2 is homogeneous in G
+ and G−
terms, respectively, whereas in the later case, the commutator of Jm with Gn+1/2
and with G∗n+1/2, respectively, is nonhomogeneous.
Carrying through our transformation from homogeneous coordinates to nonho-
mogeneous coordinates we see that the N = 2 super-Riemann sphere in nonhomoge-
neous coordinates is given by the usual coordinate charts (U∆,∆) and (UΥ,Υ), and
coordinate transition function ∆◦Υ−1(w, ρ, ρ∗) = I(w, ρ, ρ∗) = (1/w, iρ/w, iρ∗/w).
Local coordinates vanishing at a point p on the nonhomogeneous N = 2 super-
Riemann sphere with ∆(p) = (z, θ, θ∗) ∈ ∧0∞⊕(∧1∞)2 are given by
(11.33) H(w, ρ, ρ∗) = exp
(
−
∑
j∈Z+
(
AjLj(x, ϕ, ϕ
∗) +A∗jJj(x, ϕ, ϕ
∗)
+Mj− 12Gj− 12 (x, ϕ, ϕ
∗) +M∗j− 12G
∗
j− 12 (x, ϕ, ϕ
∗)
))
·a−2L0(x,ϕ,ϕ∗)0 ·
(a∗0)
−J0(x,ϕ,ϕ∗) · (x, ϕ, ϕ∗)
∣∣∣
(x,ϕ,ϕ∗)=(w−z−ρθ−ρ∗θ∗,ρ−θ,ρ∗−θ∗)
for (a0, a
∗
0) ∈ ((
∧0
∞)
×)2/〈±1〉, Aj , A∗j ∈
∧0
∞, and Mj−1/2,M
∗
j−1/2 ∈
∧1
∞, for j ∈
Z+. And we can write the power series expansion of the local coordinate vanishing
at ∞ with leading coefficient of ρ in ρ˜ and ρ∗ in ρ˜∗, respectively, equal to i as
(11.34) H(w, ρ, ρ∗) = exp
(∑
j∈Z+
(
BjL−j(w, ρ, ρ∗) +B∗j J−j(w, ρ, ρ
∗)
+Nj− 12G−j+ 12 (w, ρ, ρ
∗) +N∗j− 12G
∗
−j+ 12 (w, ρ, ρ
∗)
))
·
( 1
w
,
iρ
w
,
iρ∗
w
)
for Bj , B
∗
j ∈
∧0
∞, and Nj−1/2, N
∗
j−1/2 ∈
∧1
∞, for j ∈ Z+. This characterization
allows us to formulate the moduli space of nonhomogeneous N = 2 super-Riemann
spheres with tubes in a way completely analogous to that for homogeneous N = 2
super-Riemann spheres with tubes as is done in Section 8.
Now, we specifically formulate the Lie supergroup of nonhomogeneous N = 2
superprojective transformations from the homogeneous N = 2 superprojective
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transformations given by (5.4) – (5.10) (or equivalently (5.12) – (5.16)) and dis-
cussed in detail in Section 7. Under the transform from homogeneous coordi-
nates to nonhomogeneous coordinates, we see that the automorphism group for
the nonhomogeneous N = 2 super-Riemann sphere is given by transformations
(w, ρ, ρ∗) 7→ (w˜, ρ˜, ρ˜∗) of the form
w˜ =
aw + b
cw + d
+ ρ
e(γw + δ) + e∗(γ∗w + δ∗)
(cw + d)2
(11.35)
+ρ
(fw + h)(γw + δ) + (f∗w + h∗)(γ∗w + δ∗)
(cw + d)3
+ρ∗
e(γ∗w + δ∗)− e∗(γw + δ)
(cw + d)2
+ρ∗
(fw + h)(γ∗w + δ∗)− (f∗w + h∗)(γw + δ)
(cw + d)3
−ρρ∗ 2γγ
∗dw − (γδ∗ − γ∗δ)(cw − d)− 2δδ∗c
(cw + d)3
ρ˜ =
γw + δ
cw + d
+ ρ
e
cw + d
+ ρ
fw + h
(cw + d)2
− ρ∗ e
∗
cw + d
(11.36)
−ρ∗ f
∗w + h∗
(cw + d)2
+ ρρ∗
γ∗d− δ∗c
(cw + d)2
ρ˜∗ =
γ∗w + δ∗
cw + d
+ ρ
e∗
cw + d
+ ρ
f∗w + h∗
(cw + d)2
+ ρ∗
e
cw + d
(11.37)
+ρ∗
fw + h
(cw + d)2
− ρρ∗ γd− δc
(cw + d)2
with a, b, c, d, e, e∗, f, f∗, h, h∗ ∈ ∧0∞ and γ, γ∗, δ, δ∗ ∈ ∧1∞ satisfying
ad− bc = 1(11.38)
e2 + (e∗)2 = 1− γδ + δ∗γ∗(11.39)
f = −e∗γγ∗d(11.40)
f∗ = eγγ∗d(11.41)
h = e∗(δδ∗c− (γδ∗ − γ∗δ)d) + eδδ∗γγ∗d(11.42)
h∗ = −e(δδ∗c− (γδ∗ − γ∗δ)d) + e∗δδ∗γγ∗d.(11.43)
Note that, in the correspondence between homogeneous and nonhomogeneous
N = 2 superprojective transformations given by (5.4) – (5.10) and (11.35) – (11.43),
respectively, we have that
γ = 1√
2
(γ+ + γ−) γ∗ = − i√
2
(γ+ − γ−)
δ = 1√
2
(δ+ + δ−) δ∗ = − i√
2
(δ+ − δ−)
e = 12 (e
+ + e−) e∗ = − i
2
(e+ − e−)
f = 12 (f
+ + f−) f∗ = − i
2
(f+ − f−)
h = 12 (h
+ + h−) h∗ = − i
2
(h+ − h−).
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Equivalently, the nonhomogeneous N = 2 superprojective transformations can
be written as
w˜ =
aw + b
cw + d
+ ρ
e(γw + δ) + e∗(γ∗w + δ∗) + e∗δδ∗γ − eδδ∗γ∗
(cw + d)2
(11.44)
+ρ∗
e(γ∗w + δ∗)− e∗(γw + δ) + e∗δδ∗γ∗ + eδδ∗γ
(cw + d)2
−ρρ∗ 2γγ
∗dw − (γδ∗ − γ∗δ)(cw − d)− 2δδ∗c
(cw + d)3
ρ˜ =
γw + δ
cw + d
+ ρ
e
cw + d
(11.45)
+ρ
−e∗γγ∗dw + e∗(δδ∗c− (γδ∗ − γ∗δ)d) + eδδ∗γγ∗d
(cw + d)2
−ρ∗ e
∗
cw + d
−ρ∗ eγγ
∗dw − e(δδ∗c− (γδ∗ − γ∗δ)d) + e∗δδ∗γγ∗d
(cw + d)2
+ρρ∗
γ∗d− δ∗c
(cw + d)2
ρ˜∗ =
γ∗w + δ∗
cw + d
+ ρ
e∗
cw + d
(11.46)
+ρ
eγγ∗dw − e(δδ∗c− (γδ∗ − γ∗δ)d) + e∗δδ∗γγ∗d
(cw + d)2
+ρ∗
e
cw + d
+ρ∗
−e∗γγ∗dw + e∗(δδ∗c− (γδ∗ − γ∗δ)d) + eδδ∗γγ∗d
(cw + d)2
−ρρ∗ γd− δc
(cw + d)2
with a, b, c, d, e, e∗ ∈ ∧0∞ and γ, γ∗, δ, δ∗ ∈ ∧1∞ satisfying
ad− bc = 1(11.47)
e2 + (e∗)2 = 1− γδ + δ∗γ∗.(11.48)
Remark 11.3. The nonhomogeneousN = 2 superprojective transformations above
do not coincide with those given in [Me] or [Scho]. Those given in [Me] do not give all
possible transformations. An example of a nonhomogeneous N = 2 superprojective
transformation which is of the form (11.44) – (11.48) but cannot in general be put
in the form proposed in [Me] can be obtained by transforming the homogeneous
N = 2 superprojective transformation given in Example 7.2 via the coordinate
transformation from homogeneous to nonhomogeneous coordinates (11.1). On the
other hand, in [Scho], Schoutens’ presentation of the nonhomogeneous N = 2 su-
perprojective transformations implies that a transformation (w, ρ, ρ∗) 7→ (w˜, ρ˜, ρ˜∗)
of the form
(w˜, ρ˜, ρ˜∗) =
(
aw + b
cw + d
, ρ
t11
cw + d
+ ρ∗
t12
cw + d
, ρ
t21
cw + d
+ ρ∗
t22
cw + d
)
(11.49)
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with a, b, c, d, tjk ∈ ∧0∞ for j, k = 1, 2 satisfying ad − bc = 1 and tijtik = δi,k for
i, j, k = 1, 2, is N = 2 superprojective. (Here for simplicity we have set Schoutens’
odd parameters εij = 0 for i, j = 1, 2, as of course we are allowed to do.) But
clearly, in general, such a transformation is not of the form (11.44) – (11.48), and
in fact is not even a nonhomogeneous N = 2 superconformal function since it does
not satisfy (11.13) – (11.16).
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